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ABSTRACT. Sattolo’s algorithm creates a random cyclic permutation by interchanging pairs
of elements in an appropriate manner; the Fisher-Yates algorithm produces random (not
necessarily cyclic) permutations in a very similar way. The distributions of the movements
of the elements in these two algorithms have already been treated quite extensively in past
works. In this paper, we are interested in the joint distribution of two elements j and k;
we are able to compute the bivariate generating functions explicitly, although it is quite
involved. From it, moments and limiting distributions can be deduced. Furthermore, we
compute the probability that elements ¢ and j ever change places in both algorithms.

1. INTRODUCTION

Sattolo [8] provides an algorithm to generate a random cyclic permutation as follows:
starting with the sequence 12...n, a random integer between 1 and n — 1 is chosen, say i,
and the numbers in positions ¢ and n are interchanged. Then a random integer between 1
and n — 2 is chosen, say j, and the numbers in positions j and n — 1 are interchanged, and
so on. After n — 1 iterations, a random cyclic permutation is obtained.

Let us give an example, with n = 5 and the random numbers 4,1, 2, 1:

12345
12354
52314
53214
35214

The result is the cyclic permutation 1 -3 —-2 —5 — 4 — 1.

The first treatment of this algorithm has been given in [7]— there, moments of the number
of moves that element k makes and the distance that element k travels are given.

In the example we obtain the numbers 1, 1, 2, 1, 3 for the moves and 3, 1, 2, 1, 5 for the
distances (k =1,...,5).

Further developments are provided in papers of Mahmoud and Wilson [4, 9, 10]: Mahmoud
determined the limiting distributions for the number of moves as well as for the distances.
Assuming that % — « as n — 00, the distribution of the number of moves the element &
makes is given by 14X -Geo(3), where X = Ber(«) is a Bernoulli-distributed random variable
independent of Geo(%). A similar result is given by Mahmoud for the distances—however,
normalization is necessary in this case to make the random variables converge.
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Wilson [9], on the other hand, creates an algebraic framework around the problem, and
derives all results from a trivariate “grand” generating function.

In this paper we are interested in fixing two elements j < k and consider the joint distri-
bution of moves. We believe that the joint distribution of the respective distances could also
be treated along the lines of this paper, but it seems that this involves even lengthier and
more complicated calculations. Our methods are also suitable (at least in principle) to deal
with any fixed number of elements j; < --- < j,, but considering the remarkable complexity
of the computations we confine ourselves to the instance p = 2.

As Mark Wilson [10] points out, Sattolo’s algorithm to create a random cyclic permutation
is very similar to the Fisher-Yates algorithm to construct a random permution [1], and so he
gives a unified approach to both of them. The difference to Sattolo’s algorithm lies in the
fact that the random integer chosen in the i-th step lies between 1 and n 4+ 1 — ¢ rather than
between 1 and n —4. If n4+1—14 is chosen, it is interchanged with itself, and a cycle is closed.
Our methods also apply to the analysis of this algorithm, so we will again study the joint
distribution of the moves of two elements.

The outline of this paper is as follows: In Section 2, qbfﬂi?g(u), the probability generating
function for the number of moves of a single element k£ in applying Sattolo’s algorithm for
the generation of a random cyclic permutation of n elements is reconsidered, to make the
treatment self-contained. The recursion can be solved by elementary means in this case. Then
we come to deal with the central theme of this paper, d)ff%ﬁ j(u, v), the bivariate generating
function for the number of moves of two elements k and _] Somewhat surprisingly, it is still
possible to solve the recursion for this function explicitly (Theorem 1), which is a remarkable
tour de force. Indeed, we believe that the method of repeated summing and taking differences
can also be applied in other circumstances.

As a corollary, we can deduce moments and determine the grand average, the average of

Qﬁq(fi i (u,v) over all possible pairs (k,j) with k& > j. In Section 3, the explicit formulse are
evaluated asymptotically. We let k and j grow proportionally to n and find that, asymp-
totically, the numbers of moves become independent (dependencies in lower order terms are
explicitly computed). Of course, the marginal distributions (of the moves of a single element)
are as described in Mahmoud’s paper.

Sections 4 and 5 are concerned with similar results for the Fisher-Yates algorithm. In a
final section, we compute the probability that two elements ¢,j change place during either
Sattolo’s or Fisher-Yates’ algorithm. This is done by setting up appropriate recursions and
solving them.

Let us make a brief statement about the motivation and the impact of the present research.

e In several questions about algorithms it is important to know what happens to two
elements, when there are dependencies between the elements. As an example we would
like to mention a paper that one of the authors wrote together with A. Panholzer [5],
following on earlier ideas in [2] and [6]. Another example is [3], where it is shown how
the variance can be computed, once the joint behaviour of two elements (rows in a
matrix) is well-understood. This seems to be the way to go if more explicit quantities
are not available.

e We also believe that the technique we use to handle the recursions in this paper is
relevant on its own right and also applicable in other contexts when a generating
function of two variables has to be analysed. It involves iterated summing and taking
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differences, and the fact that the variables change places results in higher-order recur-
sions. The use of computer algebra is helpful, of course, but careful human guidance
is essential. Finally, it is interesting and by no means automatic that such a recursion
with polynomial coefficients has a reasonably “nice” solution, as was fortunately the
case here.

We frequently use the notation of harmonic numbers:
1 1
_ - (2) = all
Hy = Z L’ " = Z k2
1<k<n 1<k<n

and Tverson’s notation: [P] = 1 if the condition P is true, 0 otherwise.

2. THE NUMBER OF MOVES IN SATTOLO’S ALGORITHM

First we repeat a few facts on qbfhi;e(u), the probability generating function for the number
of moves of a single element & in applying Sattolo’s algorithm to a set of n elements. We use
an upper index to distinguish this generating function from qﬁgz ; (u,v) which will denote the
joint probability generating function of two elements j < k, where the variable u refers to
the moves of k, and v to the moves of j.

The following recursions for ¢(!) are already known (see [4, 7, 9]):

) n—k k—

szl,m n>2, ¢{"(u) = 1.

Note that the first formula also holds for £ = n, but it is quite meaningless in this case.
The strategy to solve such a recursion is to replace the terms in the second sum using the
first recursion—the same approach will be also used for the joint generating function:

n—1

1) _ o u n—1-—k k — (1)
w0 =y X Ty e g

U2 n—1 ()

_u B 1

_2+(n—1 n—QZ Dok

k:l
It is natural to multiply this by (n — 1)(n — 2):
n—1)(n—2)u
(n = 1)(n - 2)al ) = “= +uz ~Deflw).

Taking differences, we get
(n =16 (w) =+ (n =3+ w)i), ()
or, making use of the initial value gbél%(u) =u,

(n = 1!
(n—3+u)!

(n — 2)lu? (n—2)!
(n=3+u)!  (n—44u)!

B, (u) = 01 (1)



4 GUY LOUCHARD, HELMUT PRODINGER, AND STEPHAN WAGNER

o (B—2) u
_UQkZ:?)(k—3+u)!+(u—1)!

9 (n—1)! u? u

m-3+0l2-w C-wu-10 (-1

whence we find
2 2 +u—3
oW (u) = s e (N0 > 1
1 n=1,

and
(1) n—k E—1
Gy, 1. (1) = S + — 1¢k,k(“)
u(nu—2ku—2n+2k+u 2u(k—1 k4+u—3
: (u—2)(n—1) : + (n—l()(u—)2)( Zq ) n=k>1,
-\ n>k=1, (1)

1 n=%kk=1.

It is also interesting to compute the grand average generating function in this case; compare

for instance [2, 5]:
1 (1) o 2 n+u—2
n Z ¢”’k(u)_2—u 2—u< n >
1<k<n

Remark. If we set
G(z):=>_ 2" "o (u),
n=2

then the recursion just obtained translates to the differential equation

2.2
YE G —wGl(z),  G(0)=0, G'(0) =u,

£6"(2) = 1-23 " 1-2

with the solution

2u u?z 2u

C—wli-2"1 2-wl-2 2-u
The last term induces [2°]G(z) = 0 as it should. Note that G(z) was obtained by Wilson, [9,

p. 304], in a complicated manner starting from a “grand” generating function.
The solution for G(z) leads again to

G(z) =—

2

B () = (NG () = S - 2 ("‘3”),

:27u_27u n—1

which is also exactly the formula obtained by Mahmoud [4, p. 792] by means of a randomization-
derandomization technique.
However, we will not go the route of differential equations in our treatment of two elements,
since it becomes quite unmanageable. ([l
It is possible to derive all moments from equation (1). For instance, using the relation
¥(n) = —v + Hy_1 for the Digamma function, we obtain
2k+n—>5

E(X)) = —————  and (2)
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2k —2)(3n+1—2k) A4Hj_,

V(X)) = (n—172 T (3)

These have already been given by Prodinger in [7].

Now we consider, for 1 < j < k < n, the generating function ¢5123€j(u,v), where the

coefficient of u®v® is the probability that k& makes a and j makes b moves. Using a similar
approach as for ¢(!); that involves summing and taking differences in several steps, we are
able to determine an explicit formula for this generating function. In this process, lengthy
hypergeometric terms arise, which are best treated by a computer algebra system.

#? is determined by the following recursions, which are obtained in the same manner as
the recursions for ¢(1): for 1 < j < n,

n—1
|:Z¢n 1,5,0 (v,u) + Z ¢7(12,)1717j(%v) +U¢£ll_)17j(u) )

I=j+1

o) (u,v

and for 1 < j < k < n (and also for k£ = n, but this is not of any particular use)

(k—1)(k—2) 2
¢n k,]( v) = md),ﬁw(u,v)
n—1 1-1 ) n—1 1—1 "
+ i mu¢l,j ('U) + lzg mv¢l,k (u)

Indeed, the first term corresponds to the event “k, j are not selected between step 1 and step
n — k” (whose probability is easily seen to be %) the first sum corresponds to the
event “k is selected within these steps (before j)”, and the second sum corresponds to the
event “j is selected within these steps (before k)”, with | elements remaining in the latter two
cases. The first equation can be justified by similar arguments. From the explicit formulse

for qbsgf(u) derived above, we conclude that

n—1

> T l_l el 0

l:k

:”1 -1 [(lv—2jv—2z+2j+v) 20(j — 1) <j+v—3)]
lk(n—l)(n—Q) (v=2)(1-1) (=Dw=-2)\ j-1

B uv — o — ey — . (it v=3

*(n—1)(n—2)(v—2 ZZ[Z 2jv — 21 +2j +v + 2(j 1)( i1 >]

B uwv(n —k n+k—1) j+tv—3

= =D =) v—2 [ —2jv+2j+v+2(j—1)< i1 )]

for j > 1 and

-1 oDy :uv(nfk)(n+k:f3)
(n—1)(n—2) 911 (v) 2(n—1)(n—2)
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Similarly,
n—1
n—1[1-—1 (1)
lz TZ _ 1 )v(bn—l,k:(u)
_ —9 ~1 _
uv(n — k) [(“ )(";k )—2ku+2k+u+2(k—1)<k2ﬁl3)].

T =) —-2)(u—2)
Altogether, this yields a simplified version (not containing &) any more) of the recursions

(k—l)(k2))¢k lw( )

) (u,0) =
Pni (0 = G D)
wo(n — k) 2jv—2j—v  2ku—2k—u
(n—l)(n—?)[n+k_1_ =2 u—2
2—=1)(j4+v—3 2u—1) (k4+u—3
* v—2 ( Jj—2 >+ u—2 ( k—2 >}
for y > 1 and
@ gy = EZDE=2) o uv(n — k)
Pnkd 10 0) = 1 =y =) PRk ) Ty = 2w - 9)
x[(u2)(n+k‘2)2ku+2k+u+2(k1)<k—;ﬁz3>]

for j = 1. Thus, for 1 < j <mn,

0]

j—1
u
¢£L2,7)1,j(u7v):n_|:l§;¢f)ljl 12321% 11;““”’“% 1,
u [ (=16 -2) T (=1i-2)
_n—l[l;(n—m(n 3l W 2 g ettt + ),
where X is given by
. w(n—j—1) : : . ‘ j+v—3
X = ( )( )(U_Q){(v 2)(n+j—3)—2jv+2j+v+2(j—1)( i1 )]
_ —j—l) , 20 — 2l —u  2jv—2j—v
Z )[n+j—2— — — —
=2
2w —1) ([l +u—3 2—-1)(j+v—-3
* u—2 < -2 >+ v—2 < Jj—2 >}
= uvn—l—l) 2jv—2j—v 2Au—2-u 2w—1)[j+v—3
+Z (n—2)(n— )[ T v ) < j—2 >
l=j+1
2w —1) ([l +u—3
()
wo(nu — 2ju — 2n + 2j + 2) 2uv(j—1) [(j4+u—3
(u—2)(n—2) (n—2)(u—2)< j—1 )
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for j > 1 and by

n—1

Xy = lz; e _“;’)((:”1__13;(3_ ) [(u— 2)(n+1—3)—2u+2+u+2(1—1) (l tﬁ; 3)] +uw

for j = 1. The sums of hypergeometric terms can be computed explicitly. After some
simplifications, we see that this is equivalent to

uv
3(n—=2)(n—-3)(u—2)(v—2)
—3n2(10 — 3u — 4v + wv) + 15nj(v — 1)(u — 2) — n(duv + 3v + Tu — 36) + 5°(2uv — u — 3v)
—35%(4uv — 50 — 4u + 2) + j(4uv + 120 — 11u — 18)

wou-v-2+ow- 1227 “sw-ne-o (T

X =

[n?’(u —3)(v—2) = 3n%j(v —1)(u —2)

+6(u—1)(v—2)<nzﬁ;3> +3(n —j - 1>(”+j‘4)(“_2)(”_1)<j;$3>]

for j > 1 and to
uv

e sy e {(n—2)(n—1)(u—3)(u+1)+6(u—1)<n:;ﬁ;3>}

for j = 1. However, this is exactly the value of the above expression if we take the limit
j — 1, so we don’t have to distinguish between j = 1 and j > 1 any longer. Now we set

(n—1)(n— 2)(]5(2) (u,v) = Ry_j(u,v) to obtain

X =

n,n,j
j—1 n—1
(n—3)Ry j(u,v) = UZ Rji(v,u) +u Z Ry j(u,v) + Xo
=1 I=j+1

with Xo := u(n — 2)(n — 3)X;. Taking differences, it follows that
(n—=3)Ry j(u,v) — (n—4)Ry—1,;(u,v)

j—1 n—1 Jj—1 n—2
=uy Rji(v,u)+u Z Ry j(u,v) — uZRjJ(v,u) —u Z Ry j(u,v) + X3
=1 I=j+1 =1 I=j+1

=uRy_1;(u,v) + X3

(n—3)! _ (n—4)! ‘ (n—4)!
mRn,j(u, U) = mRn_ld(u, U) + (TL e u)'Xg
with
u?v .
X3 := TR [(n - 3)<(u —3)v=2n—-2(u—-2)(v—1)j+2(u+v— 4))

+2(n—3)(u—2)(v—1)<j;i;3> +2(u—1)(v_2)<”:ﬁ;4>}
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We set Sy, j(u,v) = %R n,j(u,v) = (7~En4_|1_u ,gbnn](u v) and obtain

Sn,j(u,v) = Sp_1,;(u,v)

u?v (n—3)! 3Vt — D — Ve — D(v — 1)
+(u—2)(v—2)[(n—4+u)![(u 3)(v=2n=2Au =2 -1)j

—|—2(u—|—v—4)—|—2(u—2)(v—1)<j;i53>]+2(u_1u)!(v_2)]
u?v(u — 3) (n—2)!

u—2  (n—4+u)!

20utv(v—1)[(j+v—3 , (n—3)! 2uv
L [< j—2 >_]+1}(n—4+u)!+(u—2)(u—2)

= Sp-1,j(u,v) +

Summing this for n = j 4+ 2,..., N yields

u?v J! (N —-1)!
S 0) = Sjrrg(w,0) + 575 {(j +u—3) (N+u- 4)!]

2utv(v—1) [(j+v-3\ . T G- (N-2)
+<u—2><v—2>[( j—2> ”1} {<j+u—3>! <N+u—4>!]
2uv(N —j—1)

(u—2)(u—2)"

It remains to compute Sj41 ;(u,v), that is, we need R;i; j(u,v). For this purpose, we take
n = j + 1 in the recursive formula for R, ;(u,v):

j-1 3 .
. uv jtu—3 . .
(= 2)Rjyrj(w,0) =u > Rjy(v,u) + — |:2(u — 1)< i3 ) — G -1 - 2)],
=1
which can be rewritten as
1
(J—2)(F—3+u)! iz ]—4—1—11
S
(j_2)‘ ]+17] u, U =u ]_3 ]l(’U U)

which in turn reduces to

Nl

u(j —4+0)! wdv [2(u—1) (j— 1)
Sj+17j(u,v) j—3+u ZSJI 1) u u_2|: - .

Now we express S;;(v,u) in terms of SH_L;(U, u):

SjJ(U,u) = Sl-i-l,l(?),u) n v2u ' |:( {! B (] _ 1)| :|

v=2 |[(I4+v=3)! (G+v—4)

20%u(u—1) [(I+u—-3\ foa-1  G-2)!
+(v—2)(u—2){< z—2> ”1] [(l+v—3)! (j+v—4)!]
L 2ou(i—1-1)
(v—2)(v—2)
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2uv(j — 1) uv?(ju+u —25)(j — 2)!

= S )+ T T T W= 2) (0= 2)( + o= 4)]
2uol [ v(u—1)(EG -2 1 ]
v—=2(u—2)j+v—4) (v—2)'

20%u(u — 1) (I—1)! u? !

u—2)v—2) (+v-3) (u 2)( —2) (I+v-—3)
2uv?(u —1)(j — 2 I +u—
C (w—=2)(v—2)(j +v—4!< 1—2 )
2uv? (l+u—2) 2uv?(u — 1) (l+u—3)!
w—2)v—2)u—2)! (I+v—-3) (u—2)v-2)(u-2) (I+v—3)

+

Summing this for [ =1,..., 7 — 1 yields

2uv(j —1)2 wv?(ju +u —25)(5 — 1)!
D Sjalviu) = ZS’*””“ (0—2)w—2) (u—2)w—2)G +v_4)
i = 1) [ o(u—1)( —2)! 1
" [( ]

v—2 |[(u=2)GF+v—4)! (v—2)

B 20%u(u — 1) [ G-y 1 ]

(u=2)v—=2)v—=3) | G+v—4)! (v—-23)!
v2u? J! B 1

e o] e R el

B 202(5 — 2)! (tu=3)
02 To- D2 (-3

N 2uv? [(j+u—2)' C(u— 1)!}
(u=2)v=2)u—2)(u—v+2) | (J+v—4)! (v—-3)!

B 2uv?(u — 1) [(j+u—3)! B (u—2)!}
(u=2)v=2)(u—2)(u—v+1) | (J+v—4)! (v—3)!

Now, it follows that

- u 7j—1
MSJHJ u,v) ZSH” v,u) + Q;(u,v),
where
Q:(u,v) = w(i—1(G —2)  w?(v? - 2uv? +u?v — 602 + 13uv — 5u® + Tv — 17u + 4)
T (v —=2) (v - 2)! (u—v+1)(u—v+2)(v—4)(v—3)(v—2)!
B 2uv(uv? — 3uv — v + 3u)(j — 1)! uv?(u + v — 4);!
(u=2)(v=3)(v—=2)J—4+v)! (u—2)(v—=2)(v—4)(j—4+v)!
N 2uv(u — 20+ 1)(j — 3+ u)! 20%(j — 2 + u)!

(w—2)(u— v+ Du—21G —4+0)! " (u—2)u—v+2)(u—2)(—d+ov)
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which means that the problem has been reduced to a recursion for the one-dimensional
sequence Sjy1 j(u,v). Elimination yields

(J—2+u)! (j—3+u)!
m5j+2,g’+1(u, v) — m5j+1,j(u, v) = Sii15(v,u) + Qji1(u,v) — Qju,v),
and we have
Pj(u,v) = Qj+1(u,v) — Qj(u,v)
2uv(j — 1) 2uv(uv? — 3uv — v + 3u)(j — 1)!

(v—2)(v—2)! (u—=2)(v—=2)(j —3+v)!
B w?(u 4+ v — 4)j! 2uv(u —2v+1)(j — 3+ u)!
(u—2)(v—2)GF—-34+v)!  (u—2)(u—2)!(j —3+0)!
N 202(5 — 2+ u)!

(w—2)(u—2)I(G -3 +0)

Writing Cj(u, v) = %, we obtain

Cj1(u, v)Sjr2,51(w,v) = Cj(u, v)Sjp1,5(u, v) = Sjy1,(v,u) + Pj(u,v).

Interchanging v and v and combining the two equations, we arrive at

Cjy1(v,u)Ciya(u,v)Sj13542(u,v) — Cj1(u, v)(Cj(v,u) + Cjr1(v,u))Sjr2,j+1(u,v)
+ (CJ (uv U)Cj (U7 U) - 1)Sj+1,j ('LL, U) = CjJrl (’U¢ U)Pj+1(u, ’U) - Cj (Uv u)P](uv U) + Pj(’U, u)

After some simplifications, we see that this is equivalent to

(J+u—1)0+u—2)Sj+342(u,v) — (j +u—2)(2) + u+v—5)Sj12+1(u,v)
+ (G —3)(J+u+v—3)Sjt1,(u,v) = Lj(u,v),
for j > 2, where L;(u,v) is given by
~ 2uv(jo(u+2) + u? — uv — 4v + )
(u—2)(u—2)!
2u?v(j — )(2jv(u+v —4) — 3(v — 1) (u? — 3u +v))
B (u—2)(v—=2)(j —3+u)
N 20%0(j — 3+ V)!(j(v +2) +v> —uwv +v—u—3)
(v=2)(v—=2)1(j — 3+ u)! '
Setting Sjy1,j(u,v) = sj_9 for j > 2, we obtain the recurrence
Gru+D)(+usjre—G+uw)(2j+u+v—Dsjpm+(G-—1DG+u+v—1)s; =h;
with

Lj(u,v)

b= 2uv(v(u+2)j +u(u+v+1))  6u(v— Dov(u? + v —3u)(j + 1)!
I (u—2)(u —2)! (w—2)(v—=2)(j +u—1)!
B 4ulv?(u+v —4)(j + 2)! 2u%0(2 +v)(j +v)!
(u—2)v=2)G+u—-1)! (v—=2)(u+j—1)(v—2)!
B 2uv(u —1)(v+1)(j +v —1)!
(v=2)(F +u—1)(v—2)!
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for 7 > 0. The initial values are given by sqg = (31121”)! and s; =

2u2v(u4-2v)
u!

. The explicit
solution to this recurrence is found to be
2vu(vj + 2u) 2u2v(j —u+v+2)(j+v—1)!
(w—2)u—2)(u—2) (v—2)(u—2)(v—2)(j +u—1)!
w?v(j + Dl (v(u+v —3)j — 2(uv — u? — duv + 3u — 4v)
(v=2)(u—-2)(u+v—=3)(j +u—1)!
202 v? (u? +uv +v? —4du —4v +5)(j +u+v—2)!
(u2v 4+ ww? — 2u? — Tuv — 202 + 10u + 100 — 12)(u +v — 2)!1(j + v — 1)’

Sj:—

This was obtained by means of computer algebra, but it can be readily checked that it satisfies
the recursion and the initial conditions. It follows that

2vu(vj + 2u — 2v) 2uv(j —u+v)(j +v—3)!

Sy - _ _
() = = e T = 0= (=D =21 +u—3)]
_|_uzv(j—1)!(v(u+v—3)j—2(u2v—u2+v2—3uv+3u—7v)
(v=2)(u—2)(u+v—3)(j+u—3)!
N 2u?v?(u? + uv + v —du — 4o +5)(j +u +v — 4)!
(u?v + uv? — 2u? — Tuv — 202 4+ 10u + 10v — 12)(u + v — 2)!(j + u — 3)!
and
S (1, 0) — 2uv((v—2)n —2(v —1)j + v — 2u + 2)

(u—2)(v—2)(u—2)!
2u?v(u — 1) (u —3)(v —1)(j — 1)!
(u—=2)v—=2)(u+v—-3)(7F+u—3)!
2ulv(u —v—1)(j +v —3)!
(u—2)(v—2)(v—2)!(j +u—3)!
u?v(n — 2)! j+v—3 ,
I T [ e T vy {2(1}—1)( P9 >+(v—2)n—2(v—1)j+v
2u?v?(u? 4+ uv + v —du — 4o +5)(j +u+v —4)!
* (u2v + uv? — 2u? — Tuv — 202 + 10u + 100 — 12)(u +v — 2)!(j + v — 3)!"

Now we obtain an explicit expression for ¢1(1221 j (u,v) = ("(;fﬁ?)!Sn,j (u,v):

gbf’?}),,j (U, U) =

(n—4+u)! [QUU((U -2n—2(wv—-1)j+v—2u+2)
(n—1)! (u—2)(v—2)(u—2)!
2u?v(u —1)(u —3)(v —1)(j — 1)!
(u—=2)(v—=2)(u+v—3)(J+u—3)
2u?v(u—v —1)(j +v —3)!

T U —2)0 =2 +u—3)
n 2u?v?(u? + uv + 0% —du — 4o +5)(j +u + v — 4)!
(u?v 4+ wv? — 2u? — Tuv — 202 + 10u + 100 — 12)(u + v — 2)!(j + u — 3)!

uv j+v—3

_(u—2)(v—2)(n—l) [2(1}—1)( j—2 >+(U—2)n—2(v—1)j+v]
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Note that the expected expressions arise if we set 4 = 1 or v = 1. Finally, we get the following

(2)

k. (U, v) in the case j > 1:

explicit formula for ¢

Theorem 2.1. For1l < j <k <mn, we have
¢(2) (u,v) = (k—4+u)! 2uv((v—2)k —2(v—1)j +v—2u+2)
kg (k—3)!(n—1)(n—2) (u—2)(v — 2)(u — 2)!
2u?v(u—1)(u —3)(v —1)(j — 1)!
(u—=2)(v—=2)(u+v—3)(J+u—3)
n 20v(u —v —1)(j + v — 3)!
(u—2)(v—2)(v—2)(j +u—23)!

N 2u?v?(u? + uv + v —du — 4o +5)(j +u+v —4)!
(u?v + uv? — 2u? — Tuv — 202 4+ 10u + 10v — 12)(u + v — 2)!(j + u — 3)!
v
DD DD [n2(u —2)(v —2) — 2kn(u—1)(v—2)

—2jn(u—2)(v —1) + (wv — hn + 4jk(u — 1)(v — 1) — 4k(u — 1) — 4ju(v — 1) + QUU]
2uv(u — 1)(n — k) (kz—i—u - 3>
(u=2)n—1)(n-2)\ k-2
2uv(v — 1) (nu — 2ku + 2k — 2n + 2u) <j +v— 3>'
(u—2)(v—2)(n—1)(n—2)

j—2
U

Again, the correct formulee arise if we set u = 1 or v = 1. However, the case j = 1 has to
be treated separately—here, we have

~ 2uw(n+u—3) u?v(n — 1)!
Snl:0) = N G o T =)t u— )]
and thus
2uv(n +u — 3)! u?v
22,21,1(11477)) = ( )

(u—2)(u—2)(n—1) u—2
Finally, it follows that

wv(nu — 2ku + 2k — 2n + u) 2uv(k — 1) (k—l—u—S)

@) _
O (1) = (W —2)(n—1) Ta—m-D\ k-1

(2)

Of course, this is a trivial result, since we must have ¢,”; | (u,v) = U(;SSZC(U) in view of the

fact that qﬁg)l(v) = v corresponds to a one-point-distribution. Note also that the special case
j =1 can be obtained from the general formula by plugging in j = 2. This can also be seen
directly from the algorithm.

Once one has determined such an explicit formula, it is easy to draw several corollaries from
it. For instance, if one is interested in the covariance, the quantity 838U¢(2) (u, U)n’k’j‘u:vzl
has to be computed:

n? + (2k 4+ 2§ — 11)n + 4H;_o + 45k — 12k — 205 + 50

7’ @ _
d)n k,j(u’ U)‘u:vzl - (n — 1)(n — 2)

Oou Ov
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Furthermore, if we set u = v, we obtain the generating function for the combined number
of moves of j and k. A computer algebra system readily computes mean

2(n+j+k—5)

mean = (n_ 1)

and variance:
on? + (12k +12j —4Hyp_9 —4H;_9 — 54)n+ 8Hy_9 + 16 H;_9 + 8kj — 40k — 565 + 164
(n—1)(n—2)

variance =

+ mean — mean2.

(For j =1, as always, one has to use j = 2 in the formula.)

As in the univariate case, it is interesting (and easily doable) to determine the grand
average generating function:

Gn<u,v>:(i) > 6w

2/ 1<j<k<n
4u(uv? + nuv — 6 + 2n + 2u)(n + v — 2)!
(n—1Dnl(u—2)(v—-2)(v+2)(v+1)(v—2)!
4o(—u? + uv — nu? — 2u® + nuv +u — 3nu — 4 + 20)(n +u — 2)!
(n—1)nlu+2)(u+1)(u—2)(u—2)(v—2)
uv(—6nv + nv? + 9n — nu? — 6uv + u? + 2uv? — v? + 8v + 10u — 2u?v — 15)
3(n—1)(u—2)(v—2)(u+v—3)
N duv(u+v — 1) (u? +uv + 0% —4u —4v+5)(n+u+v — 3)!
(n—Dnl(u—2)(v—2)(u+v—3)(u+0v)! '
The following quantities can be computed immediately (and the grand averages of mean,
variance and covariance follow):

0 n—11
%Gn(U,U) u=1,,v=1 N S(n — 1),
9, 5n% — 13n + 12
%Gn(u,v) u=1,v=1 a 3(7’L — 1)n ’
0? 2(8n% — 13n + 12 — 6nH,)
WGn(u,’u) u=lp=1 3(n—1)n ’
aiG (u,) ~2(4n® — 11n% 4 12n — 12 — 6n(n — 2)Hy,)
o2 " U lum0=1 3(n — 1)n? ’
0? 2(2n3 — Tn? 4+ 5n — 2 + 2nH,,)
dudv Galu,v) u=lp=1 (n —1)n? '

3. ASYMPTOTICS FOR THE MOVES IN SATTOLO’S ALGORITHM

In this section, we analyze the asymptotics of the joint distribution of the random variables
X}, and Xj, the number of moves of k and j, respectively. Here, we take k = an, j = n

with 0 < 8 < a < 1 and let n, k, j — oo. Let us rewrite the formula for first: d)f}cj:

‘7522,2,]'(“’”) = F1 + F» + F3, where
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P - I'(k—3+u) <2uv((v—2)k—2(v—1)j+v—2u+2)
I'k—2)(n—1)(n—2) (u—2)(v—2)I'(u—1)
B 2u?v(u — 1)(u — 3)(v — DI(j)
(u—2)v—=2)(u+v—-3)T(G+u—2)
N 2uv(u —v— 1) +v—2)
(u—2)(v—=2)T'(v—1T'(G +u—2)
N 2uv? (u? +uv +v? —4du — 4o + 5 +u+v —3) )
(u?v + uv? — 2u? — Tuv — 202 + 10u+ 100 — 1I2)T(u+v - DI +u—2) )’
F = =200 21;2)” =9 <n2(u —2)(v—2) = 2kn(u—1)(v—2) —2jn(u —2)(v — 1)
+ (wv —4)n+4jk(u — 1) (v — 1) — 4k(u — 1) — 4ju(v — 1) + 2uv) and
Py o= 2uv(u—1)(n — kK)T'(k+u—2) 2uv(v — 1)(nu — 2ku + 2k — 2n 4+ 2u)T'(j + v — 2)
S (u—=2)(n—1)(n—2)T(u)['(k—1) (u—2)(v—2)(n—1)(n—2)I'(v)['(j — 1)
By Stirling’s approximation we get
I'n+a+1)

Tt D) ~n*(14+0(1/n)), n — oo,

where O(-) here and in the sequel depends on a.
Now, plugging in £k = an and j = (n leads to

Fin O (n'%) + 0 (n71) +0 (n?) + 0 (n"+1),
v [(u = 2)(v = 2) — 2a(u = 1)(v = 2) = 26(u=2)(v ~ 1) + 49a(u = (v - 1)
(u—2)(v—2) ;

o ~

F3~ 0O (n“?)+0(n"?).

Hence the limiting joint probability generating function is given by

2 o 0) = wo[(u—2)(v—2)—2a(u—1)(v—2)—20(u—2)(v—1)+4Fa(u —1)(v — 1)]
a,p(th V) = (u—2)(v—2) '
Note that
wi,ﬁ(lv 1) =1,
— _ 2
v () = UEUHEHEINT2) gy
which agrees with [4, p. 793]. Now note that we have the factorization
2 U2 '1)2
V2w v) = (- au+az=—) (1= Bo+ ), (4)

which shows that the random variables X} and X; are asymptotically independent, with
distribution 1+ X - Geo(1), where X is Ber(a) (Ber(3), respectively), as mentioned in the
introduction [4, Theorem 1].

It is possible to refine these asymptotics, taking the 1/n and Inn/n terms into account.
We first have a contribution from the first term of Fy, which gives

nf“Qa“_luv(—ow + 2a + 26v — 203)

R S TR “
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The second term of F} leads to
204713272y (u — 1) (u — 3) (v — 1)
n(u—2)(v—2)(u+v—3) ‘
The third term of F; can be neglected; the fourth term gives
nutv 20471 v 202 (u? + uv + v? — du — 4v + 5)
nt (vlv 4+ w? — 2u? — Tuv — 202 + 10u + 100 — 12)T(u+v — 1)
Now F5 can be decomposed as F> o + F» 1, where
Fyo =7 5(u,v),
Fyy = 711@_25)12]:_2), with (8)
N :=2uv + 4+ 4ou — 4o — 58uv + 50u — 3u — 3v
— 3auv + 3av + 60v — 60 + 68auv — 6afu — 6afv + 6aS.
Finally, F3 gives two summands F3 1 + F39, with

n* 20" tuv(a — 1)

15 = —

Ty =

F31:=—— 9
3 n? (u—2)L(u—1) )
n? 28° tuv(—u + 20u — 2 + 2)
59 :=—— 10
32 2 (v—2)(u—2)I(v—1) (10)
We have
Theorem 3.1. d)f?”.(u, 1)) ~ F(U, ’U), with F(’LL, U) =T+ T +Ty+ F270 +F271 +F371 +F3’2,
given by equations (4)-(10). O

Now, setting v = 1, we obtain
u(—u+2+20u—2a) 12(a—-Du(u—1) n" uat~!
2—u n u— 2 n? (2 —u)l(u—1)’
from which all asymptotic moments of X}, (up to the terms of order 1/n and Inn/n) can be
derived automatically. For instance, we obtain

F(u,1) =

E(X) ~ 1+2a+%(2a—4), (11)

1 1
IE(X;?)N1+10a+ﬁ(—20+100‘_4’7_41n0‘)_4%’ (12)

Inn 1

V(Xy) ~ 6a —4a” — 4 (22a — 12 — 4y — 4lna — 8a2).

- _|_ —

n n
Of course, these could also have been derived from (2) and (3).

Next, all cross-moments can be computed. We only give the asymptotic covariance here:

2F 1 1
E(X,X;) = 9~ 65;;@) ~4aB+1+28+2a+ (1208 - 8 — 145 — 6a) + O (22”
u=1,v=1
(13)
0?F (u,v) 1 Inn
Cov (X, Xj) = T oudv et — E(X))E(X;) ~ ﬁ(_8ﬂ +4aB) + O (712) .

Now we move to the asymptotics of the grand average generating function. We denote by Y]

)
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and Y5 the random variables related to u and v respectively. Proceeding as before, we obtain
a limiting joint distribution function for the grand average:

Theorem 3.2. The grand average function Gy (u,v) = é Z1§j<kgn ¢7(12}€7j(u,v) is asymp-

totically equal to G(u,v), where

G(u,v) = G1+ Go+ G + Gy,
Anu(uv + 2)

Gy = S (u—2)(v+ 1)D(v — 1)(v2 — 4)n?’
Go = 4n"v(—u® + uv — 3u)
 (u+ D)0 (u—1)(v = 2)(u? — 4)n?’
Gy —W(utv=3)  2uv(-3uv+uv’ v+ 5u—ulv—3)
o 3u—-2)(v-2) 3(u—2)(v—2)(utv—3n
Gy = An 0 (u? + v 4+ 0% — du — 4o + 5)(u+ v — 1)uv

(u—2)(v=2)(u+v—3)(u+v+1)n?
Setting v = 1, we obtain

u(u+2) 2u(u-—1) dun*

“D =32 " 3u-2n " @—u—2)(u— D

from which we derive the moments

7 4
E(Vi) ~ g~ o, (14)
V(Yi) ~ % n —4741;14/9 B 41711171.
Similarly, for Y5, we obtain
viv—4) 2v(w-1) 4n?

R R (e I Gy N e Tk

from which we derive the moments

5 8
E(Ys) ~ - — —
)~ 35,

14 -4 14 41
V() ~ 1 TP/ dlnn

9 n n

Finally, the covariance is given by
1 14 Inn

Cov(Y,Yo)==——+0 | — . 15
v, ¥e) =g =g <n2> (15)

All these quantities can also be obtained by suitable integrals over previous expressions.
Indeed, by the Euler-Maclaurin summation formula, we have

n

1
> E(XR) =) (k- DE(X;) ~ /0 (an — 1)E(a)nda — E(0)/2 + E(1)/2,

1<j<k<n k=1
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where E(«) is given by (11). Multiplying by m, this leads asymptotically to (14).
Similarly, we obtain

n

1
> E(X) = Y (n—)EX) ~ [ (0= An)B@)nds - BO)/2+ BQ)/2

1<j<k<n j=1

Second moments and variances are derived in a similar manner. For the covariance, we have

n—1 n n n 1
dTEXRX) =) Y E(XX;) ~ / F(B)ndp — F(0)/2 + F(1)/2, with
j=1k=j+1 j=1k=j+1 p=0
1
FO)= [ F(opnda—B(E.8)/2+ BO9)/2

and E(a, ) is given by (13). The aymptotic covariance (15) follows easily.

4. THE NUMBER OF MOVES IN THE FISHER-YATES ALGORITHM
(2)

In this chapter, we consider the analogous generating functions QSSL (u) and (later) ¢, (u,v)
for the Fisher-Yates algorithm. The explanations for the recursions are basically the same as
for Sattolo’s algorithm, the only difference being that an element can possibly be interchanged
with itself (which is also counted as a move, to keep everything consistent).

First of all, we have the following recursions for the univariate generating functions qﬁfj?@ (u):

o) =21+ > o w].  az,

1<k<n
—k k
¢£Ll,/)c(u) = nTU + ;Gﬁl(c%;)ﬁ(u) 1<k<n.

The method to solve these recursions is the same as for the corresponding recursions in
Section 2. We have

1<k<n
n—1-—k k
=u+u Z — u—i—n_lqﬁ,(j’,l(u)
1<k<n
n— 2)u? U
_u—i—( 2) +— Zkgb,(:,)c(u)
1<k<n

and thus

Now, we take differences:

n(n —1)oM (w) — (n—1)(n — 26 (W) = u+ (n—2)u® +uln — 1)l (w),

n—1n—1 n—1n—1
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from which it follows that

! —1)!
m e =

(u+ (n —2)u?)(n — 2)!

] (bgzl—)l,n—l (U) +

(n—2+u) (n—34+u) (n—24u)!
B 1 (1) w2 (u+ kuQ)k‘!
- m¢l,l(u) + % Tyl
_ o u u(n —=D!2+(n—1u) 2u
(u—1)! (n—2+u)(2—u) (2 —u)(u—1)V
2
D () — u?(n —2+u)! w2+ (n—1)u)
Onn(1) (2 —u)(u—1)n! (2—u)n
Finally, this gives us the desired explicit formula:
¢(1) (u) = n—k:u_ u?(k — 2+ u)! u(2+ (k—1)u)
RV n(2 —wu)(u—1)I(k—1)! (2—u)n

Again, it is a routine task to get the expectation from it:
n + 2k — 2 — Hk—l
n )

E(X:) =

aresult that has already appeared in Wilson’s paper [10]. However, it is not more complicated
to go one step further and compute the second factorial moment as well:

8k —8— H2 | —6Hj, 1+ H,

n
The variance can be determined in the usual way from these two results. Again, we also give

the grand average:
1 @, uln+1) u (n+u-—1
n Z¢”’k(u)_ 2—u 2—u n '
1<k<n

Now we continue, as before, with the moves of two elements: not surprisingly (in view of
the common structure of the two algorithms), the recursions are very similar to those for
Sattolo’s algorithm. For 1 < j < k < n, we have

@) k(k—1) S DY S M
Gy y. (U, 0) = m%,w(ua v) + Z mwﬁl,j (v) + Z n(iwﬁk (u).

Furthermore, for 1 < j < n,

j—1 n—1
d)g?)uj(u’ v) = % [Z ‘bgll,j,l(v’ u) + Z ¢7(12—)1,l,j(“’ v) + U¢£21,j(“) + ¢511)1,j(v):| .
=1 I=j+1

The recursions can be justified in exactly the same way as in Section 2: the summands of
the first recursion correspond to the cases “elements k and j are never chosen to move to the
right during the first n — k steps”, “element k moves to the right during these steps (before j
does)”, “element j moves to the right during these steps (before k does)”. In the latter two
cases, one only needs to continue with the remaining moves of a single element.

In the second recursion, there is just a slight difference to Sattolo’s algorithm: since n is
also allowed to be interchanged with itself, we obtain four summands.
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Now we can proceed as in Section 2, with the additional advantage that the cases j= 1 and
j > 1 don’t have to be distinguished. First of all, we calculate the sums >7'! = ugf)l ¥ ( )

and Y775 kT ¢ ) (u):

n—1

n—1 ]
Eanﬁ_ o1, }:1#_2 n_nl2n2@1y+va+n4l(9f”_2>]

1=k =k Jj—1

uv(n — k) [(v—2)(n+k+1)—4(v—1)j+v<j+v—2>]

T (w—2n(n—1) 2 j—1

and

n—1

n—1
l () k+u—2
;n(n_l) 1 Zu—2 n_l)[—2n—2(u—1)k+u(l—|—1)—|—u< k1 )]

=

wo(n — k) [(u2)n(3u2)k+u2+u<’“+“2>].

T (w—2)n(n—1) 2 k1

It follows that

k(k—1)

wv(n —k
¢£L2’3€’j(u7v) - n(n — )d)k kg (u,v) + ( ( )

u—2)(v—2)n(n—1)
. [(u—2)((v ~Y(ntk+1) 4 —1)j) (0 -2)((u—2)n— (Bu—2k+u—2)

2 2
jtv—2 k+u—2
—I—v(u—2)< i1 >+u(v—2)< k1 )]
k(k — uv(n —k
_ngn 1;(?;“?’)“’3( 0) n((n—l))

. 27 2k v (j+v—2 u (k+u—2
k-2 41— - L .
Xil I T u—2+v—2<j—1 >+u—2< h—l)]

So we have, for 1 < j < n,

¢(2) (u,v) = u ji 1) ¢(2) (v, u) + nil I(l-1) ¢(2) (u,v) + X
LA ) ~ (n—1)(n-2) 3:3ANT ! (n—1)(n—2) "bhit™ e
where X7 is used as an abbreviation for
i—1

j , . .
uv(n —j —1) . 21 2j U [+u—2 v [j+v—2
X::E — L T n—j—2— —
! ll(n—l)(n—Q)[n J u—2 v—2+u—2 -1 +v—2 j—1

1 . .
uv(n —1—1) , 27 21 v [(j+v—2 u [l+u—2
A ) =925 — _

'+§:(n—nm—24n T u—2+v—2<j—1 LT N B

v 2 47 u? [(jru—2 v [jHv—2
Dn—2(u+2)j — - :
et tn=2u+2)i-r=s -t s o ) To=eU o
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Again, we calculate the sums and simplify to obtain
v
X, = - —2)n — —2)(v —1)n?
1 30— 2) (0= 2(n —1)(n—2) [u(u 3)(v—2)n° —3u(u—2)(v—1)n
—3(v —2)(u? — 4u+2)n* + 3(u — 2)(5u — 2)(v — 1)nj — (u* + 6u — 12)(v — 2)n

+ w(2uv — u — 3v)5* — 3u(4uv — 5u — 6v + 6)5% — (2u?v + 8u* — 21uw + 6u + 24v — 24)j

3 —Du@?—j+1)(v—-2)(j+u—-2\ 3ulv—2)(n—1)(n-2)/n+u—2
+ ‘ +
u+1 j—1 u+1 n—1
+3(u—2)v(un2—5un—|—2n—uj2+3uj—|—4u—4) <j—|—v—2>]
2 j—1 '

Now, we perform the substitution n(n — 1)¢512U(u v) = Ry, j(u,v) (as in Section 2), which
yields

7—1 n—1
(n—2)Ry j(u,v _UZRJZ v,u) +u Z Ry j(u,v) + Xo,
=1 I=j+1

where Xy :=u(n — 1)(n — 2)X;. Taking differences, it follows that
(n— Q)Rny(u, U) (n—3) R Lj(u v)

j—1 n—2
’LLZRJZ v,u) +u Z Ry j(u,v) ZRj’l(v,u)—u Z Ry j(u,v) + X3
I=j+1 =1 I=j+1
= URn—l,j(ua v) + X3
or
(n—2)! (n—3)! (n—3)!
AR ) = R )+ X,
(n—3+u)!R’j(uv) (n—4+u)!R 1’j(uv)—i_(n—3—i—u)! 3
with
P wolu(u —3)n? — (3u? — 1lu+4)n + (u—1)(u—6)] ~ 2w(v —1)(un —3u+1)j
5 u—2 v—2
uw?v(n—2) (n+u—3 wv?(un —3u+1) (j+v—2
2 + . .
u—2 n—2 v —2 7 —1
Now we set Sy, j(u,v) = %Rn](u v) = Hu),qﬁnm(u v) again and obtain
u?v(u — 3) (n—1)!
S (1,9) = Sn1,3(w,v) + 7 2)(u—1) u—2  (n—3+u)
Jtv—=2\ Y _ (n—2)!
[ <] ) 2u(v —1)j + 2(v 2)] CEEEE]
uv(u—l j+v—2 (n—3)!
YU ot — 1)) — (v —2 R A
L [(” Jj—(=2)- (j—l )] (n—3+u)

Summing this for n = j 4+ 2,..., N yields

wv(N—j7—-1) v [((j+1)! B N! }

S 0) = Sjansl o) b e T Y a e G2l (V31 )
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taapmg( 0 7) e i -2 G s

gy

As in Section 2, it remains to compute Sji1,;(u,v), or equivalently R; 1 ;(u,v):

UQP@—Uj—@—2y4<

v —

(j—l)RjH,j(u,v):uZRj,l(v,u)—l—M[(u—kl)(u—Q)(v—Q) (u?v — 2u® + uv — 20)j
=1
(j—Dubv (j+u—2 (G —Duwv? (j+v—2
T (j—l >+ -2 (j—l >

which can be rewritten as
i—1
G-DG-2+uw)!, =3+
(] — 1), S]+1,] (u7 U) - U; (] — 2)| S] l(U7 U)
un(j — 1)
(u—2)(v—2)

+(j—1)u3v jtu—2 +(j—1)uv2 jtv—2
u— 2 j—1 v—2 ji—1 )

{(u—#— D(u—2)(v—2) — (v’v — 2u® + uv — 21})]’]

which in turn reduces to

j—3+v'J . uv(j —1)!

S
(—2+u)l & LR P P 1T s S

Sit1,4(u,v) =

X [(u—l— D(u—2)(v —2) — (u?v — 2u? +UU—2?))]}

u3v (7 — Dlun? jtv—2
(u—2)(u—1) (v=2)G—-2+uw!\ -1 )
Now we express S;;(v,u) in terms of S;11;(v,u) again:

w?(j —1—1) uv? (I+1)! J!
(v—2)(v—1)! v—2[(l+v—2)! a (j—3+v)!]

ey i) e 2] [ -
+ WzPW—”“*“—”‘“thI2ﬂ[uﬁlygr‘@qgfbﬂ

() 4 U =D (el = (0= 2)) — )~ 2)!

+

Sii(v,u) = Sig1(v,u) +

(v—2)(v—1)! (v—2)(j+v—3)
| uv? 2uv(u — 1) (v —2v+2)(5 — 2)!
o { C-2-1 " w-2)w-2)(+v-3) ]
wo(l —1)! 2uv(2uv — u — 2v)l! u?v?(1 4 1)!

Cl+v=-2) w-2w-2)(+v—-2) (u—2)(v—2)1+v—2)
B uw?v(jv —2v +2)(j — 2)! <l+u2> N 2021+ u —1)!
(u=2)(v=2)G+v=3)!\ -1 (u—2)(v—2)(u—DI(l4+v—2)
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B u?v(uv —2)(1 +u — 2)!
(u—2)(v—2)(u— (I +v—2)
Summing this for { =1,...,7 — 1 yields

j—1 Jj—1 205 1)\2 2 (0 9)s _ C 1)
S S0 u) = 3 Styna(o,u) + w(j —1) wv(vj® - (v—=2)j —v)(j — 1)
=1 =1

(v—=2)(v—1)! (v—=2)(j+v-3)!
+j(j—l)[ uv? 2uv(u—1)(vj—21;—|—2)(j—2)!}
2 (v —2)(v —1)! (u—2)(v—=2)(j +v—3)

o w [ 1 (G- ]
v=2[(v—=2)! (j+v-3)
2uv(2uv — u — 20) I J!
+(u—2)(v—2)(v—3)[(v—2)! (j+v—3)!}
u?v?

B [ 2 G+t }
(u—2)v—2)v—4)|[(v=2)! (j+v—23)!
_ wPo(ju —2v+2)(5 - 2)! <j—|—u—2>
(u=2)(v=2)(j+v—=3)!\ j—2
u?v? u! (j+u—1)!
(u—2)(v 2(u1)(vu2)[(v2)! (j+v3!]
u?v(uv — 2) [(u - ( .
(u—2)v=2)u—D(v—u—-1)(v=2)!  (j+v—23)!

_|_

Now it follows that

— 2+ u)! iy
Msj+l,j<uvv) = ; Si1(v, u) + Qj(u,v),
where
(o :vz(ujQ—(Su—2)j+4u+2v—4) uv
@(u,v) 2(v —=2)(v—1)! * (u—v+1D)(u—v+2)(v—2)(v—-3)(v—4)(v—1)!

x |uv? — 12uv® + 50 + u?v? — 1160 + 52uv? — 3803 + 4u? — 6Tuv + 91v% + 20u — 82v + 24
V2w —u+v—-2)(j - 1! 20(uv? — 2u?v + wv? + 2u? — 6uv — v + 3u + 3v)j!

(v=2)(j +v-3)! (u—2)(v=2)(v—3)(j +v—3)
N w?(u+v —4)(G +1)! wv(u? = 2uv +u—v+1)(j +u—2)!
(u—2)v—=2)(v—4)(G+v-3)! (u—2)(u—v+1)(u—1(j+v—3)!

N uv?(j +u—1)!

(u—2)(u—v+2)(u—DI(j+v—3)
Elimination yields
(j—14u)!
u(g =z oy )

and we have

Pj(u,v) := Qj41(u,v) — Qj(u,v)

| — 2 !
ZMSJ'JAJ(U, v) = Sj41,5(v, u) + Q)41 (u, v) — Qj(u,v),
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Cv(uj—u+1) vuw —u+v—2)(j—1)!

T (w=2)v—1! (j+v—2)
20(u?0? — 2u?v + uv? + 2u? — 6uv — v? + 3u + 3v)j! w?(u+v —4)(F + 1)!
(u—2)(v—2)(j+v—2) C(w—-2)(v—2)(+v—2)
+uv(u272uv+ufv+1)(j+u72)! wv?(j 4+ u — 1)!
(u—2)(u—1!(j+v—2) (u—=2)(u—DG+v—2)"
Writing Cj(u,v) = %, we obtain

Cjt1(u, v)Sjp2,541(u,v) = Cj(w, 0)Sj11,5(u, v) = Sjy1,5 (v, u) + Pj(u, v).

Interchanging u and v and combining the two equations, we arrive at

Cjt1(v,u)Cjpa(u, v) i3 j42(u,v) — Cjpr(u, v)(Cj(v,u) + Cjp1 (v, 1)) Sjt2,j41(u, )

+ (C] (uv U)Cj (v’ u) - 1)Sj+1,j (u’ U) = Cj+1 (Uv u)f)j+1(u7 v) - Cj (Uv U)PJ(U, U) + Pj (’U, u)
After some simplifications, we see that this is equivalent to

(J+u)(+u—1)Ss 42(u,v) = (G +u—1)(2] +utv—3)Sjr241(u,v)

+ U =20 +u+v—=2)841,(u,v) = Lj(u,v)

for j > 1, where L;(u,v) is given by

w?v(v(u +2)j +u? —uv + 2u — 3v + 1) 2uv(j —1)!
(u—2)(u—1)! (u—2)(v—2)(j +u—2)
X | = 2uv(u 4 v —4)52 + (3udv — 3u® — 8u®v + 4uv? + 6u® — 10uv — 30 + 9u + Yv)j

Lj(u,v) =

—(u—2)(v—=2)(u+1)(ut+v—2)

w?(u(v +2)j —wv +uv? —u? +uv —2u+v+ 1)+ v —2)!
(v=2)J +u—2)(v—1)! ’

Setting Sjy1,j(u,v) = sj_1 for j > 1, we obtain the recurrence

+

JHu+)(+u)sjro—(G+uw)(2j+u+v—1Dsj+ (G -G +u+v—1)s; =h;
with
wo(o(u+2)j+ (u+1)2—v) 4w (u+v—4)(G +2)!
hy = - ,

(u—2)(u—1)! (u—2)(v—=2)(F +u~—1)

N 6uv(udv — 2uv + 2uv? — ud + 2u? — 6uv — v? + 3u + 3v)(j + 1)!

(u=2)(v=2)(G +u—-1)
~ 2uw(u+ 1) (u+v —2)j!

(j+u—1)!
u?v?(v +2)(j + v)! _qu(u—1)(u+1)(v+1)(j+v—1)!
(v—2)(j +u—1)(v—1)! (v—2)(j +u—1)(v—1)!
for j > 0. The initial values are given by sp = u&(zr)l,) and s; = % The explicit

solution to this recurrence (determined by means of computer algebra again) is now found
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to be
uw?v(vj + 2u — v + 2) N uvj!
(u—2)v—=2)(u—1)!  (u—2)v—2)(u+v—3)(j+u—1)!

X |uv(u+v —3)5% — (2udv — 2u® — Tu?v 4+ wo® 4 4u? — 3uv — 20% + 6u + 6v)j

Sj = —

— (v — u?v? + 3uv® — 4u® — Juv + Su — 4v + 12)
w(u+v—3)(uj — v +uw+u+2)(j+ov—1)
C w-2)w-2)u+v-3)(j+u—1) (1)
w?(u?+ v —u—v—-2)j+u+v—2)!
(u=2)v=2)(u+v—=3)(+u— 1 (ut+v—2)"
It follows that

_l’_

o __UQ’U(Uj—i-Q’U,—QU—I—Q) wo(j —1)!
S0 ) = e - D T w20~ 2)u t o3 a2
x |uv(u+v —3)5% — (2uPv — 2u® — 5uPv + 3uv? + 4u? — Juv — 20 + 6u + 6v)j
+(u—2)(v—2)(u+1)(u+v—3)
_w 2u4v—3)(uj —u+uv+2)(j+v—2)!
W= 2= 2)(u+v-3)G +u—2w—1)
N w?v?(u? + v —u—v—2)(j+u+v—3)
(u—2)v—=2)(u+v—-3)J+u—2)(utv—2)!
and
S i(u,v) = uw?v((v —2)n —2(v —1)j + v — 2u) u%(j—l)![ B 2(u—1)(u—3)(v—1)j}
e (u—2)(v—2)(u—1)! (j+u—2)! (u—2)(v—2)(u+v—3)
n w?v?(u—v—1)(j +v —2)! w?v?(u? +v?2 —u—v—2)(j +u+v—3)!

(u—=2)(v=2)(v = (j +u—2)

( (v=2)(ut+v=3)J+u—2)(utv—2)
uv(n — 2)! [un2 ~ (2uv=1)j +(
)

u—2)
u—2)(v—2))n N d(u—1)(v—=1)j —u(v — 2)}

m+u—3) | u—2 (u—2)(v—2) (u—2)(v—2)
wv?(un —2u+2)(n —2)! (j+v—2
- (u—2)(v—2)(n+u—3)!( j—1 )
Now, we obtain an expression for gbnn j(u,v) = (n ?fu) Sn,j(u,v):
) ~ (n=34+uw! | vPu((v—2)n—2(v—1)j +v— 2u)
Onng(:0) = (w—2)(v—2)(u—1)

u?v(j —1)! 2w —=D(u—=3)(v—1)j w?v (u —v—1)(j +v—2)!

* (j+u—2)!<1 (u—2)(v—2)(u+v—3)> * (u—2)(v—2)(v—1)(7+u—2)!

N w2+ —u—v—-2)(j+u+v-—3)
(u—2)v—=2)(u+v—-3)J+u—2)(ut+v—2)!

. w { un? C Quv -1+ (w=2)v=2))n  4u—1Dw-1)j—ulv—-2)
(n—1)n|u—2 (u—2)(v—2) (u—2)(v—2)
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B uv?(un — 2u + 2) jtuv—2
(U—Q)(U—Q)(n—l)n< j—1 )

Finally, we get the following ezplicit formula for ¢\v) (u,v) (which holds for all values of j
in this case):

Theorem 4.1. For1 < j <k <n, we have

®) (0 o) — (k=34w)! |w*@G-1'/  2u—-1)(u-3)(v-1)
D (V) = (k—2)n(n—1) (j—l—u—2)!<1 (u—2)(v—2)(u—|—v—3)>
w?v?(u —v—1)(j +v—2)! w?v?(u? +v? —u—v—2)(j+u+v—3)
(w—2)v—=2)v—DG+u—-2! " (u—2)(v—2(u+v—-3)j+u—2)(utv—2)!
u?v kE+u—2 B k(k—1) (k=12 -—-1)j+2u—v)
+(u—2)n(n—1)< k—1 >[" M ru—2 (w—2)(k+u—2) }
w?((u—2)n —2(u — 1)(k — 1)) (j +v— 2) o — 2uv(u — 1)k
(u—2)(v—2)n(n—1) j—1 (u—2)(n—-1)
C2w(v—j—v+2)  duw(u—1)(v-1)jk—1) u?v

(v—2)(n—1) (u—2)(v—2)n(n—1) (u—2)n(n—1)

Again, the correct formulae arise if we set u =1 or v = 1.

Of course, we can once more deduce all sorts of corollaries from this formula. For instance,
the covariance can be determined from

1
u=1,v=1 - n(n — 1)
(kn —n — 12k + 2k* + 11)H;_
k—1
N —18 4+ 165 + 22k + 5n — Tkn + 2k?n — 6k% + 45k? — 185k — 2nj + kn? — n? + 2njk
kE—1 ‘

0?2 9
Oudv ¢£‘}“’j (u, )

Hj 1Hy 1 — (n+2j—3)Hk

1 2
— 20, + H?|

We also give the grand average in this case:

1
Gn(u,v) = 6] > ¢7(12,39,j(u’v)
2/ 1

<j<k<n
_ (u=3+v)(w+2uw—2v—3n—-2u+2+nu)(n+1)
B 3(u—=2)(v=2)(ut+v-3)(n-1n
2uv(u+v—1)(u? +v2 —u—v—-2)(n+u+v—2)!

(u—2)(v—2)(u+v—3)(u+v)n(n—1)n!

2udv(—u — 3+ v)(n + u)!
(u+2)(u—2)(u+ 1) (v—2)n(n —1)n!
B 2uv(uv + 2)(n +v)!
(u—2)v—2)(v+2)(v+1)(v—1nn—1)n!"

_l’_
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The following quantities can be computed immediately (and the grand averages of mean,
variance and covariance follow once more):

9, 8n? —21n+1—6(n—1)H,

7Gn ) = )

ou (u,0) u=1,0=1 6(n—1)n

0 4n? —15n — 1 —6(n — 1)H,

%Gn(u,v) u=1,v=1 - 6(7’L — 1)n ’
>, (w.)  16n2 —49n+1—6(n— 1)H2 +6(n — 1)HY —30(n — 1)H,
a2 ™l T 6(n —1)n ’
> (w.) _8n2—23n—1—6(n—1)H2+6(n— 1)HY —18(n — 1)H,
gu2 M e T 6(n —1)n ’
> (w.0)  n2—9n+2H2 —2HY —2(2n — 3)H,

dudv ™ s (n—1n '

5. ASYMPTOTICS FOR THE MOVES IN THE FISHER-YATES ALGORITHM

The asymptotic analysis can be performed along the same lines as in Section 3. This time,
we have to consider six terms in gbgc i However, it is easily seen that we can neglect the
second one and we are left with the following:

Theorem 5.1. gbffij(u,v) ~ F(u,v), where F(u,v) = Y1 + Y3 + Y, + Y5 + Y5 and the
summands are given by

1 o v 4 (2uy — 2u® — Suv + 8vu + 6v — 6)

n= n (u—2)(v—2)(u+v—3)n ’
- Rty 202 (u2 4 02 — u — v — 2)4v
ST w=2)(v—2)(utv -3 (u+v—Dnt’
v, — n“uvat=2(2Bav + 2a — av — 26a)
S (u— 2)T'(w) (v — 2)n2 ’
Ve — n'uv?(—u + 2 + 2au — 2a) 30!
ST (u—2)(v — 2)T'(v)n? ’
Ve — wo(—u+ 2+ 2au — 2a)(—v + 2 + 26v — 2[3) 2uvN
o= (0= 2)(u—2) HCEDPED)

N = =30uv + 3Bu+4pv +4 — 2u + uv — 48 — 2v — auv
— 2Bav — 20au 4+ av + 2au — 20 + 2Bauv.

We note that the first term of Y5 reproduces 12 ﬂ(u, v), as given by (4): hence, the dominant
asymptotic behaviour is the same as in the analysis of Sattolo’s algorithm. Again, we can
also calculate the asymptotics of the moments: we have

u(—u+ 2+ 20u —2a)  u u?ntat!

Flu1)=- (w=2) T 2T wn?’

which leads to

y—2-Ia 1
E(Xp) ~ 1420+ L= 2% T
mn mn

)
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—6—5y—7%—2yIna —5lna+ 8a+ 4ya + dalna + 72/6 — In’ a
n

V(X)) ~ 6o — 40® +

n (2lna—5+4a—2y)Inn
- .
The covariance is given by

Cor(x,, x,) = 0= o (1),

n n?

Finally we move to the asymptotics for the grand average generating function. Again, we
denote by Y; and Y5 the random variables related to u and v respectively. Proceeding as
before, we obtain the following limiting joint distribution function:

Theorem 5.2. The grand average generating function Gy (u,v) = é Zl§j<k’§n qﬁf’;w (u,v)

is asymptotically equal to G(u,v), where
G(u,v) = G1 4+ Go + G3 + Gy,

20w+ 0? —u— v —2)(u+ v — L)uPv

R R [ I R e Vi
Gy e — —u+v—3  2(-u+v-3)(=2+w))
T 3w—-2)(v—2) 3u—-2)(v—2)(ut+v—3)n’
G e 2n¥udv(—u + v — 3)
5T (=2 (u+3)(v —2)n2’
Gy e 2n uv(uv + 2)

(u—2)(v+ 1)T(v)(v? —4)n?’
Now, setting v = 1, we obtain
u~+ 2 u? 4+ 4u+4 2un®
G a]- = - - 9
() = =30 = " Bu—2n T @ —u— 9T
from which we derive the moments

4 5/2— 1
E(vy) ~ 44 52-y ln

3 3n n’
20 1-10y/3+72/6—~% (=10/3—-2y)Inn
Vi) ~ 24 v/3+77/6—"  (Z10/3—2y)Inn
9 n n
Similarly, for Y5, we obtain
v—4 —v+4 2n'v

G(1,v) =

3(v—2) * 3n (v2 —v—=2)T'(v)n?’
from which we derive
2 T7/6+7y n Inn

E(Y2)N§+ n 7’L7
14  8v/34+19/9+~%2—7%2/6 (8/3+2v)Inn
() ~ v/ /n gl /6 (8 nv) '

The covariance is now given by

1 34 Inn
COV(Yl,}/Q) = § - 9771 + O <7‘[,2> .



28 GUY LOUCHARD, HELMUT PRODINGER, AND STEPHAN WAGNER
Of course, all these quantities can alternatively be obtained by suitable integrals again.

6. INTERCHANGES

In this final section, we want to compute the probability that two given elements ¢ and j ever
change places in Sattolo’s and the Fisher-Yates algorithm respectively. These probabilities
are deduced from recursive relations again—since the explicit formulee have a very simple
form, one can just guess them and verify them by means of induction. However, it is also
possible to apply the techniques from the previous sections to these recursions. We start with
the probabilities in Sattolo’s algorithm:

Theorem 6.1. The probability that two elements i # j are interchanged in Sattolo’s algorithm

s given by
. . . 2i+2j—8 ..
o ititli=U+li=1-4) [y hi>1
n,,] — - ) ) — . .
’ (n—=1)(n—2) % t=1orj=1

Proof. We consider two cases: if i,j < n, then there are two possibilities: it might happen
that either ¢ or j is interchanged with n (with a probability of ﬁ for each of these events). In
either case, 7, j won’t be interchanged. Otherwise, the probability that ¢, j are interchanged

is just p,_1,;. Hence we have
- n—3
Pn,ij = mpn—l,z‘,j
in this case. Now, we determine p, ;i = Dnin. If 7,1 are interchanged, the probability is
clearly 1. Otherwise, if j,n (j < n, j # i) are interchanged, the probability is p,—1 ;. Thus

we have
1 n—1
Pnni = — (1 + an—l,i,j);
n—1 =

where we set p,_1,; = 0. Now, we proceed by induction. The formulae are easily checked for
n = 3. We have, using the induction hypothesis,

) 4':n—3'2(i+j+[i:1]+[j:1}—4):2(i+j+[i=1]—|—[j:1]—4)
| (n—2)(n—3) (n—1)(n—2)

if 7,5 <mn and

1 24 jtli=1+j=1—4
%wﬂ=n1(1+§: il el = >>

= (n—2)(n—3)
gt
1 — e
—Uk%NH_mm_m(m~axn—m+mn—mu+hu—a+z;;m+uuﬂ
J#i
1

= (n_1)(n_2)(n_3)((n—2)(N+2i+2[i=1]—11)+n(n—1)+2—2z‘—2[z‘=1])

2ln+i+[i=1] —4)
n—Dn-2)
which finishes the proof. O
A similar formula and proof can be given for interchanges in the Fisher-Yates algorithm:
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Theorem 6.2. The probability that two elements i < j are interchanged in the Fisher-Yates

algorithm is given by
20+2j—2H; 1 —5

Prij = n(n—1)
Proof. Using the same arguments as in the previous proof, we have
n—2
Pnij = Tpnfl,i,j

and
1 n—1
Pnni = E <1 + zzlpn—l,i,j>a
j:

where we set p,—1,; = 0 again. The formula holds trivially for n = 2, and we proceed by
induction again. Then we obtain
n—2 2i—|—2j—2Hi_1—5 B 2i+2j—2Hi_1—5

Pnig =4 (n—1)n-2) n(n—1)
if 7,5 <mn and
i—1 . . n—1 .. .
1 2i+2j —2H; 1 —5 22—&-2]—2H2-_1—5>
Pnni = — 1‘1'2 +Z
n ( ot (n—1)(n—2) Pl (n—1)(n—2)
1 n—1 i—1
= —1(n—-2 2i+2j—5)—(4i—-5)—2» Hj_1—2(n—i—1)H;_
1
= 2n? — 124 2i(n —3) —2(i — 1)(H;—1 — 1) — 2(n —i — 1)H;_
n(n—l)(n—2)<n In+12+2i(n—3) —2(i—1)(Hi-1 — 1) —=2(n—i—1) 1>
- 2n—|—2i—2Hi_1 -5
N n(n —1) ’
which finishes the proof again. O
Note also that ‘ .
3 20+j+=U+=49-4 4
< Ten (n—1)(n—2)
(for Sattolo’s algorithm) and
Z 22"‘2]—2]—[2_1—5: —Hn

1<i<j<n n(n —1)

(for the Fisher-Yates algorithm) give the correct values for the expected overall number of
moves (neglecting moves which do not interchange two elements). Finally, one can also easily
determine the probability that an element ¢ is interchanged with itself in the Fisher-Yates
algorithm—here, we provide a more direct proof that doesn’t depend on guessing the result
first:

Theorem 6.3. The probability that an element i is interchanged with itself at some point in
the Fisher-Yates algorithm is given by
Hi 1 +1

Pni =
n
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Proof. 1t is plain that

L_lpn 1,2 1< n,
Pt = (1 +Z =1 pn 10) L= n.
Iterating the first equation, we find that p,, ; = h Plugging this into the second equation,
we obtain
= v
5,3
= (12 2324)
7=1
or
n—1
n(n = Dpon=n—1+Y jpj;
j=1

Taking differences yields

n(n + 1)pn+1,n+1 —n(n — 1)pn,n =14 npnn
or

(n + 1)pn+1,n+1 = NPn,n + l-

Since pi1 = 1, iterating yields npy, , = Hp,—1 + 1 and thus p,; = Hioatl 1+1 O

Let us ﬁnally remark that the average number of self—lnterchanges is thus

as expected: H, is the expected number of times that the last element is chosen in the
remaining file, as well as the expected number of cycles in a random permutation.

FINAL REMARKS

In principle, it seems possible to perform the same calculations for the parameter distance,
i.e. the accumulated distance an element travels in Sattolo’s or the Fisher-Yates algorithm.
Indeed, one can easily provide the necessary recursions. In the case of Sattolo’s algorithm,
we have

(1) B u(u"* —1) k-1
¢n7k(u) - (u _ 1)(7’L — 1) — 1¢k,k‘(u)
and
1 n—1
) = = S w il )
=1

for the movements of a single element and, for 1 < j < k < n,

(k= 1)k =2) ¢ -1 .
Pk = (n— D)(n—2) ka0 +Z ni AP o)

ek n—I01-—1 (1)
v n—Il—j+1
Py
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Finally, for 1 < j < n, we have the recursion

1 J n—1 - o
¢9(12,21,j(uav) = n—1 |:Z " l¢n 1]1( )+ Z u" l¢7(12,)1717j(uvv)+v Ju %Szl,j(u) .

=1 I=j+1
Similar recursions can also be given for the Fisher-Yates algorithm; again, we start with
the univariate generating functions:

w(u™F —1)

w—Tn %%,k(u)

D) =
and
1) _ 1 n—i (1)
¢n,n(u _E 1+Zu (Z)n lz )

Furthermore, for 1 < j < k < n,

(2) _k(k=1) (9 n iR
d)n,k‘,j( ’ ) - TL(’I’L*l)(ﬁk u v +l2;n(n1) ¢n— ( )
n—k n — )
=i+l 1
’ ~ n(n—1) Pnoa(t)

Finally, for 1 < j < n,

1 J_l n— — n— n— n—
¢£%L,j<u7v>=n[zu B2 st S weD o) a0, w)ugl, ()

=1 l=j+1
However, we refrain from analysing distances in the current paper, since the necessary
computations are probably even longer and more intricate than the ones for the moves.
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