q–ENUMERATION OF SALIÉ PERMUTATIONS

HELMUT PRODINGER^‡

Abstract. Salié permutations are defined to be first alternating, and then monotone. We q-enumerate them by considering words (instead of permutations), equipped with geometric probabilities.

1. Introduction Salié permutations π = x_1 . . . x_{2n} are characterized by the property that, for some 1 ≤ k ≤ n, x_1 . . . x_{2k} is alternating (x_1 < x_2 > x_3 < · · · ) and x_{2k} . . . x_{2n} is monotone (x_{2k} < · · · < x_{2n}).

They are enumerated for n ≥ 1 by

(2n)![z^{2n}] 1 2 cosh z cos z , or, more precisely, for n ≥ 0 by

(2n)![z^{2n}] (1 2 cosh z cos z − 1 2 ) ; see [1] and [2].

In a recent paper [2], q-Salié numbers were introduced by means of the generating function ∑ n≥0 q^nz^{2n} (q)_{2n} / ∑ n≥0 (−1)^nz^{2n} (q)_{2n} ; 3 variants ∑ n≥0 z^{2n} (q)_{2n} / ∑ n≥0 (−1)^nz^{2n} (q)_{2n} , ∑ n≥0 q^{2n}z^{2n} (q)_{2n} / ∑ n≥0 (−1)^nz^{2n} (q)_{2n} , ∑ n≥0 q^{n2} z^{2n} (q)_{2n} / ∑ n≥0 (−1)^nz^{2n} (q)_{2n} ,

were also discussed. (We use the notation (x)_n = (1 − x) · · · (1 − xq^{n−1}).)

In the present note, we want to introduce several versions of q-Salié numbers, by appropriate q-enumeration of permutations (resp. words) following the pattern <> · · · <> << · · · <. Our model (that has proved to be successful e.g., in an earlier paper [3]) is the one of words over

Date: May 16, 2005.

‡This material is based upon work supported by the National Research Foundation of South Africa under grant number 2053748. 1

the infinite alphabet {1, 2, 3, . . . }, equipped with geometric probabilities pq^{k−1}, where we write p = 1 − q for convenience. In the limit q → 1, each ordering of the letters x_1 . . . x_n becomes equally likely, and equal letters tend to disappear, whence this approaches the model of random permutations. However, for words, we could equally well consider the pattern ≤> · · · ≤> ≤≤ · · · ≤ and some others. Furthermore, for the enumerations of permutations it does not make a difference if one would exchange <←→>; for words it does! In this way, we naturally come up with 8 versions of q-Salié numbers!

What we are going to compute in the sequel is the probability that a random word of length 2n satisfies a prescribed Salié-pattern, like, say, <> · · · <> << · · · <. Typically, we will work with a generating function f(u) = f(u, z), where the coefficent of z^nu^i is the probability of alternating word (of odd length) with last letter i, and then allow for a last run of increasing letters (an odd number of up-steps)). Maintaining the last letter allows to compute an extra up-down-double-step: Say, for <≥, this is done via ∑ j>i pq^{j−1} ∑ k≤j pq^{k−1}u^k = pu (qu)_1 q^i − p^2qu^2 (qu)_2

(uq^2)^i.

So, there are 2 substitutions, u → q and u → uq^2 involved. The other cases are similar.

For the up-steps at the end, compute, say, ∑ j>i pq^{j−1}u^j = pu (qu)_1

(qu)^i.

So, for an odd number of steps <, we are led to the following

S := ∑ l≥0 p^{2l+1}q^{l(2l+1)}z^{2l+1} (q)_{2l+1} f(q^{2l+1}),

and in the instance ≤

S := ∑ l≥0 p^{2l+1}z^{2l+1} q^{2l+1}(q)_{2l+1} f(q^{2l+1}).

In the instance of up and down exchanged, a run of an odd number of steps ≥, say, at the end, leads to the complicated formula ∑ l odd

z^l (q)_l ∑ 0≤i≤l

p^lq(^{l−i2} )(−1)^i [ l i ] f(q^i).

This is not really practical. Thus, in this case, we consider the word from right to left, i.e., start with a run of up-steps, followed by an alternating word.

2. The instance ≤> First, we enumerate words with pattern ≤> · · · ≤>, which, according to [3], lead to q-tangent functions. Set

f(u) = f(u, z) = ∑ n≥1 z^n ∑ i≥1 u^i[probability that a word of odd length n

has shape ≤> · · · ≤> and last letter i].

Denote the coefficient of z^{2n+1} in f(u) by T^{≤>}_{2n+1}(u). Then we have the recursion

T^{≤>}_{2n+1}(u) = pu q(1 − qu)

T^{≤>}_{2n−1}(q) − p^2 q^2(1 − qu)(1 − q^2u)

T^{≤>}_{2n−1}(q^2u),

T^{≤>}_1 (u) = pu 1 − qu , which translates into

f(u) = puz 1 − qu + puz^2 q(1 − qu) f(q) − p^2z^2 q^2(1 − qu)(1 − q^2u) f(q^2u).

Iterating this we find

f(u) = puz 1 − qu + puz^2 q(1 − qu) f(q) − p^2z^2 q^2(1 − qu)(1 − q^2u) [ pq^2uz 1 − q^3u + pq^2uz^2 q(1 − q^3u) f(q) − p^2z^2 q^2(1 − q^3u)(1 − q^4u) [ pq^4uz 1 − q^5u + pq^4uz^2 q(1 − q^5u) f(q) . . . = u ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1} (qu)_{2k+1}

+ f(q) z q u ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1} (qu)_{2k+1} .

(2.1)

Plugging in u = q and solving the resulting equation we get

f(q) = q ∑ k≥0 (−1)^k p^{2k+1}z^{2k+1} (q^2)_{2k+1}

1 − z ∑ k≥0 (−1)^k p^{2k+1}z^{2k+1} (q^2)_{2k+1} . Using this in (2.1) we get after some simplifications

f(u) = u ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1} (qu)_{2k+1} / ∑ k≥0 (−1)^kp^{2k}z^{2k}

(q)_{2k} . Now, as discussed, in order to model the final odd number of up (≤) steps, we must compute

S^{≤>}(z) = ∑ l≥0 p^{2l+1}z^{2l+1} q^{2l+1}(q)_{2l+1} f(q^{2l+1})

= ∑ l≥0 p^{2l+1}z^{2l+1} (q)_{2l+1} ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1} (q^{2l+1})_{2k+1} / ∑ k≥0 (−1)^kp^{2k}z^{2k} (q)_{2k} . It is a bit nicer to consider S^{≤>}(z/p); let us abbreviate

N := ∑ k≥0 (−1)^kz^{2k}

(q)_{2k} . Then

S^{≤>}(^z_p ) = 1 N ∑ l≥0 ∑ k≥0 (−1)^kz^{2k+2l+2} (q)_{2k+2l+2}

= 1 N ∑ l≥0 (−1)^{l+1} ∑ k>l (−1)^kz^{2k}

(q)_{2k} = ∑ l≥0 (−1)^{l+1} [ 1 − 1 N ∑ 0≤k≤l

(−1)^kz^{2k} (q)_{2k} ]

= lim_{ε→1} ∑ l≥0 (−1)^{l+1}ε^l [ 1 − 1 N ∑ 0≤k≤l

(−1)^kz^{2k} (q)_{2k} ]

= lim_{ε→1} [ − 1 1 + ε + 1 N ∑ l≥0 (−ε)^l ∑ 0≤k≤l

(−1)^kz^{2k} (q)_{2k} ]

= − 1 2 + 1 N lim_{ε→1} ∑ k≥0 (−1)^kz^{2k}

(q)_{2k} ∑ l≥k (−ε)^l

= − 1 2 + 1 N lim_{ε→1} ∑ k≥0 (−1)^kz^{2k}

(q)_{2k}

(−ε)^k 1 + ε = − 1 2 + 1 2N ∑ k≥0 z^{2k} (q)_{2k} .

Thus, letting q → 1 in S^{≤>}(z), we get − 1 2 + 1 2 ∑ k≥0 z^{2k} (2k)! / ∑ k≥0 (−1)^kz^{2k} (2k)! = − 1 2 + 1 2 cosh z cos z , as predicted.

The first few values ( (q)_{2n}[z^{2n}]S^{≤>}(z/p) ) are 1, (1+q^2)(1+q+q^2), (1+q^2)(1+q+2q^2 +4q^3+6q^4+6q^5+6q^6+5q^7+4q^8+2q^9+q^{10}).

3. The instance ≤≥ We start again with ≤≥ · · · ≤≥ and have the recursion

T^{≤≥}_{2n+1}(u) = pu q(1 − qu)

T^{≤≥}_{2n−1}(q) − p^2u q(1 − qu)(1 − q^2u)

T^{≤≥}_{2n−1}(q^2u),

T^{≤≥}_1 (u) = pu 1 − qu , whence f(u) = puz 1 − qu + puz^2 q(1 − qu) f(q) − p^2uz^2 q(1 − qu)(1 − q^2u) f(q^2u) and f(u) = ∑ k≥0 p^{2k+1}z^{2k+1}(−1)^ku^{k+1}q^{k2} (qu)_{2k+1}

+ f(q) ∑ k≥0 p^{2k+1}z^{2k+2}(−1)^ku^{k+1}q^{k2−1} (qu)_{2k+1} .

Plugging in and simplifying:

f(q) = ∑ k≥0 p^{2k+1}z^{2k+1}(−1)^kq^{k2+k+1} (q^2)_{2k+1} / ∑ k≥0 p^{2k}z^{2k}(−1)^kq^{k(k−1)} (q)_{2k} . Using this, we eventually find

f(u) = ∑ k≥0 p^{2k+1}z^{2k+1}(−1)^ku^{k+1}q^{k2} (qu)_{2k+1} / ∑ k≥0 p^{2k}z^{2k}(−1)^kq^{k(k−1)} (q)_{2k} . Again, we must compute

S^{≤≥}(z) = ∑ l≥0 p^{2l+1}z^{2l+1} q^{2l+1}(q)_{2l+1} f(q^{2l+1})

= ∑ l≥0 p^{2l+1}z^{2l+1} (q)_{2l+1} ∑ k≥0 p^{2k+1}z^{2k+1}(−1)^kq^{(2l+1)k}q^{k2} (q^{2l+2})_{2k+1} / ∑ k≥0 p^{2k}z^{2k}(−1)^kq^{k(k−1)} (q)_{2k} .

We consider S^{≤≥}(z/p) and abbreviate

N := ∑ k≥0 (−1)^kq^{k(k−1)}z^{2k} (q)_{2k} . Then

S^{≤≥}(^z_p ) = 1 N ∑ l≥0 ∑ k≥0 (−1)^kz^{2k+2l+2}q^{(2l+1)k+k2} (q)_{2k+2l+2} = 1 N ∑ l≥0 (−1)^{l+1} ∑ k>l (−1)^kz^{2k}q^{k(k−1)−(l+1)l} (q)_{2k} = 1 N ∑ l≥0 (−1)^{l+1}q^{−(l+1)l} [ N − ∑ 0≤k≤l

(−1)^kz^{2k}q^{k(k−1)} (q)_{2k} ] . To let q → 1 in S^{≤≥}(z), we consider

lim_{ε→1} 1 N (pz) ∑ l≥0 (−1)^{l+1}q^{−(l+1)l}ε^l [ N (pz) − ∑ 0≤k≤l

(−1)^k(pz)^{2k}q^{k(k−1)} (q)_{2k} ] . Now we can let q → 1:

lim_{ε→1} 1 cos z ∑ l≥0 (−1)^{l+1}ε^l [ cos z − ∑ 0≤k≤l

(−1)^kz^{2k}

(2k)! ]

= − 1 2 + lim_{ε→1} 1 cos z ∑ l≥0 (−1)^lε^l ∑ 0≤k≤l

(−1)^kz^{2k}

(2k)! = − 1 2 + 1 cos z lim_{ε→1} ∑ k≥0 (−1)^kz^{2k}

(2k)!

(−ε)^k 1 1 + ε

= − 1 2 + 1 2 cosh z cos z . as before (and predicted).

Note also the form

S^{≤≥}(^z_p ) = 1 N ∑ l≥1 (−1)^lz^{2l}q^{l(l−1)} (q)_{2l} ∑ 0≤k<l

(−1)^{l+1}q^{−l(l+1)}.

The first few values are

1, 2+q+q^2+q^3+q^4, 3+3q+5q^2+7q^3+9q^4+10q^5+11q^6+9q^7+8q^8+5q^9+3q^{10} +2q^{11}+q^{12}.

4. The instance <≥ We start again with <≥ · · · <≥ and have the recursion

T^{<≥}_{2n+1}(u) = pu q(1 − qu)

T^{<≥}_{2n−1}(q) − p^2 q^2(1 − qu)(1 − q^2u)

T^{<≥}_{2n−1}(q^2u),

T^{<≥}_1 (u) = pu 1 − qu , whence f(u) = puz 1 − qu + puz^2 (1 − qu) f(q) − p^2qu^2z^2 (1 − qu)(1 − q^2u) f(q^2u) and f(u) = ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1}u^{2k+1}q^{2k2+k} (qu)_{2k+1}

+ zf(q) ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1}u^{2k+1}q^{2k2+k} (qu)_{2k+1} , from which we get

f(q) = ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1}q^{2k2+3k+1} (q^2)_{2k+1} / ∑ k≥0 (−1)^kp^{2k}z^{2k}q^{k(2k−1)}

(q)_{2k}

and thus

f(u) = ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1}u^{2k+1}q^{2k2+k} (qu)_{2k+1} / ∑ k≥0 (−1)^kp^{2k}z^{2k}q^{2k2−k}

(q)_{2k} . This time we must compute

S^{<≥}(z) = ∑ l≥0 p^{2l+1}q^{l(2l+1)}z^{2l+1} (q)_{2l+1} f(q^{2l+1})

= ∑ l≥0 p^{2l+1}q^{l(2l+1)}z^{2l+1} (q)_{2l+1} ∑ k≥0 (−1)^kp^{2k+1}z^{2k+1}q^{(2l+1)(2k+1)}q^{2k2+k} (q^{2l+2})_{2k+1} / ∑ k≥0 (−1)^kp^{2k}z^{2k}q^{2k2−k} (q)_{2k} . We consider S^{<≥}(z/p) and abbreviate

N := ∑ k≥0 (−1)^kq^{2k2−k}z^{2k} (q)_{2k} .

Then

S^{<≥}(^z_p ) = 1 N ∑ l≥0 q^{l(2l+1)} ∑ k≥0 (−1)^kz^{2k+2l+2}q^{(2l+1)(2k+1)}q^{2k2+k} (q)_{2k+2l+2} = 1 N ∑ l≥0 (−1)^{l+1} ∑ k>l (−1)^kz^{2k}q^{2k2−k}

(q)_{2k} = 1 N ∑ l≥0 (−1)^{l+1} [ N − ∑ 0≤k≤l

(−1)^kz^{2k}q^{2k2−k} (q)_{2k} ] . The same procedure as in the section of the instance ≤> leads then to

S^{<≥}(^z_p ) = − 1 2 + 1 2N ∑ k≥0 z^{2k}q^{2k2−k}

(q)_{2k} .

Letting q → 1 in S^{<≥}(z) produces again − 1 2 + 1 2 cosh z cos z . The first few values are

q, q^2(1+q^2)(1+q+q^2 ), q^3(1+q^2)(1+2q+4q^2 +5q^3+6q^4+6q^5+6q^6+4q^7+2q^8+q^9+q^{10}).

5. The instance <> Here we have

T^{<>}_{2n+1}(u) = pu 1 − qu

T^{<>}_{2n−1}(q) − p^2u (1 − qu)(1 − q^2u)

T^{<>}_{2n−1}(q^2u),

T^{<>}_1 (u) = pu 1 − qu , thus f(u) = puz 1 − qu + puz^2 1 − qu f(q) − p^2uz^2 (1 − qu)(1 − q^2u) f(q^2u) and f(u) = ∑ k≥1 (−1)^{k−1}p^{2k−1}q^{k(k−1)}u^kz^{2k−1} (qu)_{2k−1}

+ f(q) ∑ k≥1 (−1)^{k−1}p^{2k−1}q^{k(k−1)}u^kz^{2k} (qu)_{2k−1} . Furthermore,

f(q) = ∑ k≥1 (−1)^{k−1}p^{2k}q^{k2} z^{2k−1}

(q)_{2k} / ∑ k≥0 (−1)^kp^{2k}q^{k2} z^{2k} (q)_{2k}

and f(u) = ∑ k≥0 (−1)^kp^{2k+1}q^{k(k+1)}u^{k+1}z^{2k+1} (qu)_{2k+1} / ∑ k≥0 (−1)^kp^{2k}q^{k2} z^{2k} (q)_{2k} .

Therefore

S^{<>}(z) = ∑ l≥0 p^{2l+1}q^{l(2l+1)}z^{2l+1} (q)_{2l+1} f(q^{2l+1})

= ∑ l≥0 p^{2l+1}q^{l(2l+1)}z^{2l+1} (q)_{2l+1} ∑ k≥0 (−1)^kp^{2k+1}q^{k(k+1)}q^{(2l+1)(k+1)}z^{2k+1} (q^{2l+2})_{2k+1} / ∑ k≥0 (−1)^kp^{2k}q^{k2} z^{2k} (q)_{2k} . Set N := ∑ k≥0 (−1)^kq^{k2} z^{2k} (q)_{2k} , then

S^{<>}(^z_p ) = 1 N ∑ l≥0 (−1)^{l+1}q^{l(l+1)} ∑ k>l (−1)^kq^{k2} z^{2k} (q)_{2k} = 1 N ∑ l≥0 (−1)^{l+1}q^{l(l+1)} [ N − ∑ 0≤k≤l

(−1)^kq^{k2} z^{2k}

(q)_{2k} ]

= ∑ l≥0 (−1)^{l+1}q^{l(l+1)} + 1 N ∑ k≥0 (−1)^kq^{k2} z^{2k} (q)_{2k} ∑ l≥k (−1)^lq^{l(l+1)}.

Again, we don’t know how to simplify this any further^1, but get again, letting q → 1 in S^{<>}(z) the expected result − 1 2 + 1 2 cosh z cos z . Note also the form

S^{<>}(^z_p ) = 1 N ∑ l≥1 (−1)^lq^{l2} z^{2l} (q)_{2l} ∑ 0≤k<l

(−1)^{k+1}q^{k(k+1)}.

The first few values are

q, q^2(1+q+q^2+q^3+2q^4), q^3(1+2q+3q^2 +5q^3+8q^4+9q^5+11q^6+10q^7+9q^8+7q^9+5q^{10}+3q^{11}+3q^{12}).

6. The instance ≥< It is easier to switch left with right and thus start with an odd number of up-steps, followed by an arbitrary repetition of down-up’s.

g(u) = p^2uz^2 (qu)_2 + p^2z^2 q^2(qu)_2 g(q^2u),

whence g(u) = u ∑ l≥1 (pz)^{2l} (qu)_{2l} . And now f(u) = g(u) + p^2uz^2 (qu)_2 f(1) − p^2z^2 q^2(qu)_2 f(q^2u).

1Compare the remark at the end of this paper.

Iterating and specializing:

f(1) = S^{≥<}(z) = ∑ k≥0 (−1)^kg(q^{2k})(pz)^{2k} q^{2k}(q)_{2k} / ∑ k≥0 (−1)^k(pz)^{2k}

(q)_{2k} . So, with

N := ∑ k≥0 (−1)^kz^{2k} (q)_{2k} ,

S^{≥<}(^z_p ) = 1 N ∑ k≥0 (−1)^kz^{2k} q^{2k}(q)_{2k} q^{2k} ∑ l≥1 z^{2l} (q^{2k+1})_{2l} = 1 N ∑ k≥0 (−1)^kz^{2k} ∑ l≥1 z^{2l} (q)_{2k+2l}

= S^{≤>}(^z_p ).

7. The instance ≥≤ With the same function g(u) from the previous section,

f(u) = g(u) + p^2uz^2 (qu)_2 f(1) − p^2uz^2 (qu)_2 f(q^2u).

Iterating and specializing:

f(1) = S^{≥≤}(z) = ∑ k≥0 (−1)^kg(q^{2k})(pz)^{2k}q^{k(k−1)}

(q)_{2k} / ∑ k≥0 (−1)^k(pz)^{2k}q^{k(k−1)} (q)_{2k} . So, with

N := ∑ k≥0 (−1)^kz^{2k}q^{k(k−1)} (q)_{2k} ,

S^{≥≤}(^z_p ) = 1 N ∑ k≥0 (−1)^kz^{2k}q^{k(k−1)} q^{2k}(q)_{2k} q^{2k} ∑ l≥1 z^{2l} (q^{2k+1})_{2l} = 1 N ∑ k≥0 (−1)^kz^{2k}q^{k(k−1)} ∑ l≥1 z^{2l} (q)_{2k+2l} = 1 N ∑ l≥1 z^{2l} (q)_{2l} ∑ 0≤k<l

(−1)^kq^{k(k−1)}.

The first few values are

1, (1+q^2)(1+q+q^2 ), (1+q^2)(1+2q+4q^2 +4q^3+5q^4+6q^5+6q^6+4q^7+3q^8+2q^9+q^{10}).

8. The instance ><

g(u) = p^2qu^2z^2 (qu)_2 + p^2qu^2z^2 (qu)_2 g(q^2u),

whence g(u) = ∑ l≥1 (pz)^{2l}u^{2l}q^{2l2−l} (qu)_{2l} . And now f(u) = g(u) + p^2qu^2z^2 (qu)_2 f(1) − p^2uz^2 q(qu)_2 f(q^2u).

Iterating and specializing:

f(1) = S^{≥<}(z) = ∑ k≥0 (−1)^kg(q^{2k})(pz)^{2k}q^{k2−1} (q)_{2k} / ∑ k≥0 (−1)^k(pz)^{2k}q^{k2}

(q)_{2k} . So, with

N := ∑ k≥0 (−1)^kz^{2k}q^{k2} (q)_{2k} ,

S^{≥<}(^z_p ) = 1 N ∑ k≥0 (−1)^kz^{2k}q^{k2−1} (q)_{2k} ∑ l≥1 z^{2l}q^{(2k+1)2l}q^{2l2−l} (q^{2k+1})_{2l} = 1 N ∑ k≥0 ∑ l≥1 (−1)^kz^{2k+2l}q^{(2k+1)2l+2l2 −l+k2−1} (q)_{2k+2l} = 1 N ∑ l≥1 z^{2l}q^{l(2l+1)}

(q)_{2l} ∑ 0≤k<l

(−1)^kq^{−1−k(k+1)}.

The first few values are

q^2, q^3(1+q+2q^2 +q^3+q^6), q^4(1+q^2)(1+2q+3q^2 +4q^3+5q^4+5q^5+5q^6+4q^7+3q^8+2q^9+3q^{10}+q^{11}−q^{12}+q^{14}).

9. The instance >≤ We have the same function g(u) as in the previous section, and the functional equation

f(u) = g(u) + p^2qu^2z^2 (qu)_2 f(1) − p^2qu^2z^2 (qu)_2 f(q^2u).

Iterating and specializing:

f(1) = S^{≥<}(z) = ∑ k≥0 (−1)^kg(q^{2k})(pz)^{2k}q^{k(2k−1)} (q)_{2k} / ∑ k≥0 (−1)^k(pz)^{2k}q^{k(2k−1)} (q)_{2k} . So, with

N := ∑ k≥0 (−1)^kz^{2k}q^{k(2k−1)}

(q)_{2k} ,

S^{≥<}(^z_p ) = 1 N ∑ k≥0 (−1)^kz^{2k}q^{k(2k−1)} (q)_{2k} ∑ l≥1 z^{2l}q^{(2k+1)2l}q^{2l2−l} (q^{2k+1})_{2l} = 1 N ∑ k≥0 ∑ l≥1 (−1)^kz^{2k+2l}q^{(2k+1)2l+2l2 −l+2k2−k} (q)_{2k+2l} = 1 N ∑ l≥1 z^{2l}q^{l(2l+1)}

(q)_{2l} ∑ 0≤k<l

(−1)^kq^{−2k}

= 1 N ∑ l≥1 z^{2l}q^{l(2l+1)}

(q)_{2l}

1 − (−1)^lq^{−2l} 1 + q^{−2} = 1 1 + q^{−2} 1 N ∑ l≥0 z^{2l}q^{l(2l+1)} (q)_{2l} − 1 1 + q^{−2} .

Here, the limiting form cosh z 2 cos z − 1 2 is particularly obvious.

The first few values are

q^3, q^4(1+q+2q^2+q^3+q^6), q^5(1+q^2)(1+2q+4q^2 +5q^3+5q^4+5q^5+6q^6+4q^7+q^8+q^9+3q^{10}+q^{11}−q^{12}+q^{14}).

10. Conclusion Guo and Zeng might like to add some of the more attractive forms obtained in this paper to their list, like ∑ k≥0 z^{2k}q^{k(2k−1)} (q)_{2k} / ∑ k≥0 (−1)^kz^{2k}q^{k(2k−1)} (q)_{2k} , ∑ k≥0 z^{2k}q^{k(2k+1)} (q)_{2k} / ∑ k≥0 (−1)^kz^{2k}q^{k(2k−1)} (q)_{2k} . We leave the future study of q-Salié numbers introduced in this paper to further research and/or other researchers.

Remark. From Warnaar [4] we get, by specializing one of his beautiful formulæ: ∑ 0≤k≤n

(−1)^kq(^{k2}) = [z^n](q)_∞(qz)_∞ ∑ k≥0 q^k (q)_k(z)_k . Replacing q by q^2 “evaluates” the sums ∑ 0≤k≤n

(−1)^kq^{k(k−1)}

that appear frequently in this paper.

References

[1] I. Goulden and D. Jackson. Combinatorial Enumeration. John Wiley, 1983.

[2] V. Guo and J. Zeng. Some arithmetic properties of the q-Euler numbers and q-Salié numbers. Europ. J.

Combin. (to appear), 2005.

[3] H. Prodinger. Combinatorics of geometrically distributed random variables: New q–tangent and q–secant numbers. International Journal of Mathematical Sciences, 24:825–838, 2000.

[4] O. Warnaar. Partial theta functions. I. Beyond the lost notebook. Proc. London Math. Soc., 87:363–395, 2003.

Helmut Prodinger, Mathematics Department, University of Stellenbosch, 7602 Stellenbosch, South Africa

E-mail address: hproding@sun.ac.za