KNODEL WALKS IN A BOHM-HORNIK ENVIRONMENT
HELMUT PRODINGER

ABSTRACT. Ideas of Knddel and Bohm-Hornik about walks in certain graphs, re-
sembling the classical symmetric random walk on the integers, are combined. All the
relevant generating functions (although occasionally quite involved) are made fully
explicit.

1. INTRODUCTION

The standard random walk on the non-negative integers may be visualized by the
following graph (only the first 8 states are shown):
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FiGURE 1. Standard symmetric random walk on the non-negative integers

One starts in state 0 and can go up/down one step, each with the same probability.

Bohm and Hornik introduces a related model: up-steps occur with probability o and
down-steps occur with probability f = 1 — «, but after each step a and g change their
roles. The follow graph is useful to grasp the idea.
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F1GURE 2. Red edges are labelled with the weight «, blue edges with g

Bohm and Hornik [1] do not restrict the random walks to the non-negative integers.
Alternative/additional analysis can be found in [3].

Another twist of a random walk occurs in a model introduced by Knodel [2]: There
are bins of size 1 and small items (size 3) and large items (size %) arrive with the same
probability. States correspond to boxed filled with just one large item each. There is
one exception, when a small item arrives at the origin. In this case, it cannot be used
to complete a partially filled bin, and an extra state is introduced. See [4] and some
referenced papers for analysis.

It is the purpose of this paper to combine the ideas of Kndodel and Bohm-Hornik:
Large items arrive with probability a and small items with probability 3, but after each
step the roles of a and 8 are changed. The graph with two layers of states will explain
the scenario readily. The rest of the paper is devoted to derive generating functions
for walks starting at the origin and ending in a prescribed state. The kernel method

[4] and the heavy use of computer algebra (Maple) will be essential.
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FiGURE 3. The Knodel-Bohm-Hornik graph

First, we start with a direct approach, which is a brute-force procedure. It leads
to four equations, and eventually to biquadratic equations. Computers are capable of
handling this, but the next section mostly serves as an invitation to a more sophisticated
approach, using only two functions (not four). And, lo and behold, after a certain
substitution, the ugly beast turns into a beautiful swan.

2. BRUTE-FORCE ANALYSIS

We introduce the following generating functions: f; = f;(z) has as coefficient of 2"
the probability to reach state ¢ from the upper layer in n steps, starting from the origin
(state 0). The function g; is similar, but refers to the lower layer of states. Finally, the
extra states and their generating functions are called P resp. Q.

From the diagram, considering the last step made, one can see the recursions

fi=Bzfi1+azfi, i=2,4,6,...,
Jfi=azfia+ Bzfiz, 1=3,5,7,...,

fi = azfo+ Bzfo+ 2Q = azfo + Bzfo + Paz’go,
fo=1+pzP+azfi =1+ B*22fy + azfi,

P = Bz fo,

gi = azgi1+ B2gi11, i = 2,4,6,...,

gi = Bzgi1 + azgiy1, 1 =3,5,7,...,

g1 = Bzgo + azgs + azP = Bzgy + azgs + aB2 fo,
go = @zQ + Bzg1 = &*2Pgo + Bz,

Q = azgo.

In order to attack this system, we introduce a second variable u and consider the
following four bivariate generating functions:

Fe(u) = Zu2if2i, Fo(u) = Zuziﬂfzwla

i>0 i>0

o 2 _ 2i4+1 .

Ge(u) = E U™ g2, Go(u) = E u 92i+1;
i>0 i>0

AN

‘e’ stands for ‘even’; ‘0’ stands for odd. Summing the first recursion, we find (omitting
the variable u for the moment)

F, — fo = BzuF, + %(FO —ufy);
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adding the recursion for fy leads to
az
F, = pzulF, + ZFO + 1+ 5222 f,.

Similarly, for the odd incides

Fo_ufl :azu(Fe_f0)+%(Fe_f()_lﬂf?)

and further
F, = azuF, + &(Fe — fo) + uBaz*go.
U

The same procedure is done for the even indices and the g;’s:

Ge — go = azuG, + %(Go — ugs)
and
G, = azuG, + %Go + a?2%gp.

Finally, for the odd indices
az
Go —ugr = Bru(Ge = go) + —~(Ge — g0 = u’go)

and 0
G, = BzuG,. + Z(Ge — go) + uaB2 fy.

For the reader’s convenience we collected the four equations that we (and Maple) have
to deal with:

F, = BzuF, + %Fo + 14 B222f,,
u
Bz

F, = azuF, + “=(F, — f;) +uBaz’go,
u

G, = azuG, + @GO + a?22qy,
u
Gy = BuG, + == (G, — go) + uaBz* fo;

we note again that fo = F.(0) and gy = G.(0).
Maple can solve this, but the solution is implicit since it still depends on fy and go.
The expressions are quite long, and they all share the same denominator /NV:

N =u? — 22uta — 22u% + 202 a2? + o?2%u* — 2uPa?2? — 2o + 2202,

Then NF, = u? — afyz? + o?fyz? — 223u*a%gy + 2utagy + 23u?a?gy + 22alutgy —
2utalgy and NF, = uz(—u?a?z2gy — fo+afo+ulazgy— 22a® fo+ au® — a+o?2%u? fo +
1+ wlaz?fy — 2u2a?2% fy + foz? — 3afoz? + 302 fyz?) and NG, = —az?(—au'zfy +
Putz fo+ go — uPz fo + 2utaz fo — ago — uta?z fy) and finally NG, = —uza(—u?az?go +
go — uzfo + ulazfy + uta?z?gy — a?2%g).

The denominator N has 4 roots, considering u as the variable:

\/a(l —a)(1 = 22202 + 2220 — 22 — /(1 — 2)(1 + 2)(1 — z + 2za)(1 + z — 220))

V2za(l — a)

S1 =
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1 1
S2 = —S81, S3 = —, S4= —.
S1 52
The factors u—s; and u— s, are ‘bad’ in the sense of the kernel method [4], i. e., they
don’t lead to a power series expansion around the origin. Consequently, the numerators
of the four functions must be divisible by both factors. Applying this principle to F,
and G, leads to two equations, from which f; and gy can be computed. Again, the
expressions are long, and an auxiliary quantity W is used:

W=+v(1-2)(z+1)1—2z+2za)(1 + 2z — 220).

Here are the results:

Jo

—_
—
—

B 1
4o (=1 + 2)(z + 1)(=14 a)2(=1 + 22 — 322a + 322a2)

with 21 = (=3z%a? + a?W2? 4+ 322a% + 32%a — aW2? — 322a — 2t + W22 + 222 — 1 —
W)(222a* — 22%a + 22 — 14+ W)

and

82T (=14 2)(z 4+ 1)(—1 + a)*(—1 + 22 — 322a + 322a2)a3

with 2y = (—3z%a? + a?W2? + 3220 + 32%a — aW2? — 32%a — 2 + W22 + 222 — 1 —
W)(—za?+22*a® +1 32202 = W + &®W2? — 22 + 22%0) (22%0% — 22%a+ 22 — 1+ W).

Plugging these results in and simplifying, we find explicit expressions for all four
generating functions of interest, again we a common denominator M:

M= (—1+2)(z+1)(—14+a)?(—1+2? = 322a+ 32%a?) (u* — 2*uta — 2%u? + 2uaz? +
a?22ut — 2uPa?2? — 22a + 2%a?).

The first function:

42803 MF, = —(32%a? — a®?W 22 — 32%a? — 32 a + aW 22 + 322+ 21 — W2? — 222 +
W+1)(=2%t — 24a? + 22103 — 23242a? + 122" a + 222020 — 140t 2" u? — 924uta® —
2zt + 620 uta? + 520utat — 32%u% — 62%a° — 42003 + 7201 + 20020 + 2502 — 6u?2%a’ —
22u%2%a3 +16u?25a 4+ 5u?a’2% + 16u?2%a? — 6u?28a — 5a825u* — 130t 2%ut + 110 2%u* +
11?250t — 5a225ut 4 207 28ut + o®28ut — 308 28u + 25uta + u?28 — 2u?a” 28 + u2ab2® +
Zuta + 32202 — o?2%ut — 6ulaz? + Tula?2? — u? + 4222 aW — 22utaW + 22uta® W —
Sua?2?W —8ulal3W 24 +-6u?at W 24 +8u? W 24 — 4u? W 24— 302 24w W + 503 2 4u* W —
3ot 22 utW + b 20utW + 24utaW — 280t a®W — w?ab25W + w22 W 4 o2 W 2t — 203 W 24 —
222uPW + oW 2t + u?W).

The second function:

42503 /(v — 1) JuM F, = (=32z%? + o®W2? + 32%a* + 32%a — aW 2% — 32%a — 2% +
W22 +222 —1—-W)(1+122%* + 272 a? — 252%a® — 142%a — 25 — T2%u?a? + 220 %a +
102%u20® — 5atzu? + 324 + 8200 + 292003 — 222004 — 20825 — 202002 + 7250+ 5W zta —
AW —5aW 22 + 502W 22 + 2W 22 — W — 8u?2%a° — 14u?2%a3 + 15u%2%at + 2u2ab25 +
6u2%a? —u?28a+ 7220 — 7220? —ulaz? + u?a?2? + 22utaW — w22 W — 6uladW 2t +
3uat Wzt + 4 a?W 2t — w?Wata — 1002W 2t + 903 W2t — 404 W 2t — 322).

The third function:

82502 MG, = (—32%a? + a?W 2% + 32202 + 32%a — aW2? — 322 — 2* + W22 4222 —
1 —W)(2atz%? — 2atutz? — 62%u%a® + 22403 + daduz? — 2'a? — 20ut2t + ®W 22 +
6zu%a? — 32202 — 22%Pa + 22%a + 1 — W — 2%)(22%2a% — 222+ 22 — 1+ W),

The fourth function:

9o
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829(1 a) 2/u]WGo (22202 =222+ 22— 14+ W) (22020 — 22103 - 32" 20?4+ 2 a® —
a?W22+32%02 —u? 222+u2 2W+ 2P a+ulaz? — 22ulaW —222a+ 22+ W —1) (za+
1)(—1 ~|—za)(—324a +a?W22+ 32202 + 32 a—alV2? — 322a — AW 4222 -1-W).
Of course, the expressions do not look appealing, but that is what they are. We can
derive as many corollaries from this as we want, of course with Maple:

NF, =1+ (20% +1—2a)2> + (5a* — 100® + 9a* — 4o+ 1)2* + - -+

= [u']Fe
fi = [WF, = az + (3% — da + 2)az® + (80 — 190% + 200% — 1a + 3)az® + ---
fo=[WF, = a(l —a)z* +2(1 — a)(2a? +1—2a)az4+...
= [W’)F, = (1 —a)a?2® + (1 — a)(5a”® — 6a + 3)a?2” + -

and similarly

[W"]Ge = a(l — a)?2" + (50” — 4o+ 2)(1 — a)az + - |
g1 = [u')Go = a(l - @)= +2(1 - a)(20” + 1 - 2a)az,

[W")Ge = (1 — a)a?2* + (1 — a)(5a” — 6a + 3)a’2" + -

[0*]Go = a?(1 = )’z + 30%(20” +1—2a)(1_a)226+.._

3. A MORE SOPHISTICATED APPROACH

The imbalance of « versus f is leveled out after 2 (or an even number of) steps.
Thus, as in [3], we consider the system after an even number of steps. In the following
graph, a directed arrow stands for 2 steps (a double-step). Note that the system is still
working Without look-ahead, writing s for the small item of size % and | for the large
item of 81ze , the sequences sl resp. Is lead to different states when being in the special

state named Q

F1GURE 4. Two steps. Red with probability a8, green with probability
1 —2a8 = a? + 32, blue with probability 52, brown with probability o?.

The graph is now simpler than before. We introduce generating functions fy for
the upper layer of states, and gy for the lower layer of states. The meaning of these
generating functions is now different from the previous section, but it is apparent how
they are related. Here are the recursions:

fn=zaBfno1 +zaBfn + 2( + 82 fn, N >2,
fi = zaBfo+ zaBfo + 2(0® + B7) f1 + 28 fo,
fo=1+zaBfi + z(a® + %) fo + zaf fo,
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zaBgo

1 — za?’

gN = zafgn_1 + zaBgni1 + 2(042 + ﬁz)gN, N >1,
go = zaB fo + zaBg + zaffo + z(a? 4+ B%)go

Introducing only two bivariate generating functions

ZUNfN and G(u Zu 9N,

N>0 N>0

fQ = zozﬂgg + ZOéQfQ =

we find by summing the recursions

= Z u fy = zaf Z uN fy1 4 zaf Z uN fair 4 2(0® + B7) Z u® f

N>0 N>2 N>2 N>2
Fu(zaBfy + 0B+ 20+ ) fr + 22000

za2
+ 1+ zaBfi + 2(a* + %) fo —|—z045 ﬁgo(;

OB F ()~ o) + P+ I

+14z a2ﬁ2

= zafuF(u) +

9o
—zZx

293
+uzﬁa1 5

_ ZO[Q

and

= Z uNgn = zap Z uN gn_1 + zaf Z N g1 + 2(a” + 57) Z Mgy

N>0 N>1 N>1 N>1

590

+ zaf fo + zafg; + zaﬂ 5+ z(a® + B g0

%%w — o)+ 2(0? + F)Gw)

+ zaffo + 2204262L.
1 — za?

= zafuG(u) +

Solving the system leads to
—uza? + 22a?B2gou — zaBfo + 223 B fo + u + u?22B3ag,
u — 2uza? — zaBu? + 22a3pu? — zaff + 22038 + 22uat — zuf? + 22ufB2a?’
zaff(=zafgou + go — goza® + 2o fou — fou)
u — 2uza? — zafu? + 22a38u? — zaf + 22038 + 22uat — zuf? + 22uf?a?’

These answers are implicit, since they contain f; = F(0) and go = G(0). To make
them explicit, the kernel method is used once again. The denominators factor as

zaB(—1+ za®)(u —71)(u — 73)

F(u) =

G(u) = —

with

1— 202 — 282 — /22t — 2228202 — 2za% + 2234 — 2232 + 1
2zaf

ro =

and 7y = —
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The factor (u—79) (the ‘bad’ factor) must cancel from numerator and denominator.
The result is now
ro22 gy — 20 + 2o B2y + 1 + uz?Bagy

F(u) = zaB(—1+ za2)(u — r1)

and
—(—zaBgo + za? fo — fo)
(=14 za?)(u—ry)

G(u) =

Plugging in u = 0, we get
. r22B3agy — za? + 22a?B%gy + 1
0 zaf(—1+ za?)(—r) ’
(—zaBgo + 2% fo — fo)
(=1 + za2)r; '
From these, we can compute fy and go easily, but don’t print it, since it is not too
attractive at the moment (in a moment, it will become very beautiful).
It is easy to see that

go =

(—zaBgo + za%fo — fo) j+1

[UJ]G(U) = (_1 + ZOé2) L)

and
[uJ]F(u) _ _7,%'-1-1 rez?Bagy — za? + 22a? gy + 1 _ 7“% 2%g0 ‘
zafB(—1+ za?) (=14 za?)
Note that [z™u/]F(u) is the probability to reach state 2j in m (double-)steps, and
[2™u7]G (u) is the probability to reach state 2j 4+ 1 in m (double-)steps.

More attractive formulae thanks to a substitution. Using the substitution
v v

T af+ (@@ + Pt abe’ (a+uB)(B+va)

(inspired by our old paper [3]) all the expressions become nicer. For instance, ro = v
and

b= (va + B)(a + vp)
" a1l —v) (W +uv+1)
o — v(a+ av? +vf)(va + )

af(l—v)(v?2+v+1)
The equality (1—v)(v*+v+1) = 1 —v® might be useful as well. Even the full bivariate
generating functions look now very nice:
(uvdB + a+vB) (va + B)
Ba(l —uv)(1 —v)(v2+v+1)
)
(v?

F=

~ v(a+av® +uf)(va+ B)
fa(l —uv)(1 —v)
Consequently, reading off coefficient of powers of u,
v (o 4 vp) (va + B) vt
fa(l—v)(v2+v+1) al—0v)(v2+v+1)

+ov+1)

[W/|F =
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and
v a4+ av? + vf) (va + )

fa(l —v)(v?2+v+1)
Finally we answer the question how to read off coefficients of powers of z when the
function is given in terms of v: For that, we employ Cauchy’s integral formula:

MHEW) = 5§ HEW)
1 dv af(l —v?)
" 2mi ] oNH (a + Bo)(B + av)
= [vM]aB(1 — v?*)(a + Bv)N (B + av)N H(v).

[w/]G =

(o + Bu)™ (B + av) " H(v)

Odd number of steps. For that, we don’t need to do new calculations, by considering
the last step separately. We refer to the original Figure 3. It is immediate to see that

P{reach top level state 25 + 1 in 2m + 1 steps}
= alP{reach top level state 2j in 2m steps}
+ fP{reach top level state 2j + 2 in 2m steps}

and

P{reach bottom level state 2j in 2m + 1 steps}
= alP{reach bottom level state 2j — 1 in 2m steps}
+ pP{reach bottom level state 2j + 1 in 2m steps};

the exceptional cases near the beginning are easy to figure out directly.

4. CONCLUSION

We want to emphasize the following points:

e A brute-force approach is possible, but leads to equations of order 4 and explicit
but very ungainly expressions.

e Looking at the system after an even number of steps is a clever idea, since the
imbalance of « versus [ is leveled out. The equations are only quadratic.

e Introducing an auxiliary variable, all the generating functions become rational
(in the variable). Consequently reading off coefficients is not difficult.

e To go from an even number of steps to an odd number of steps is not difficult,
when considering the last step separately and use previous results.
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