SUMS OF POWERS OVER EQUALLY SPACED FIBONACCI NUMBERS
HELMUT PRODINGER

ABSTRACT. Recent results about sums of cubes of Fibonacci numbers [2] are extended to ar-
bitrary powers.

1. INTRODUCTION

Frontczak [2] evaluates

n Fik’ Zn:(_l)kFrik’ Zn:Lik’ Zn:(_l)kLik’
k=0 k=0 k=0

with Fibonacci and Lucas numbers and m being an odd integer.

We show here how to deal with general integer exponents (not just 3), and drop the re-
striction that m must be odd.

Note that several papers about the evaluation of

k=0

n
21
PR
k=0
and similar sums have been written a few years ago, here are just two citations [1, 4]. The
instance where 2 is replaced by m is somewhat more delicate but quite instructive.
For later use, we mention the Binet formula: Set

1 1—
a= + 5 and f = 21/31

then +/5F, = a"—f"and L, = a™ + 3".

2. THE SUMMATION OF SHIFTED FIBONACCI NUMBERS

To deal with a sum over F,,, (fixed m), we first consider a generating function:

n zF,, zF,,
Z:F”’”ZZ1 F .. +F Dmz?z  1—1 Dmz?’
>0 _( m+1+ m—1)z+(_ ) z - mz+(_ ) z

For a proof, rewrite it as

[1 _(Fm+1 + Fm—l)z + (_1)mZZ:|Zanzn =zF,

n=>0
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and compare coefficients:
an - (Fm+1 + Fm—l)F(n—l)m + (_1)mF(n—2)m = |]:Tl = 1]]Fm

This can be proved by the Binet formula or otherwise and is classical.
Consequently,

F,.2"
l1—z n>0
B F, [ 1 1—z(=1)" ]
_1_Fm—1_Fm+1+(_1)m 1—2 :l_(l-—"m+1_'_Fm—l)z-i_(_]-)mz2 '

Now we read off the coefficient of z™:

k=0 km 1_Fm—1_Fm+1+(_1)m

. F, 1—z(—1)"
—[2"]
1_Fm—1_Fm+1_i_(_]-)m 1_(Fm+1 -i_Fm—l)Z_i_(_]-)mz2
— Fm
1=Fp 3 —Fpp + (=1
1 (2] F.,
— V4
1_Fm—l_Fm+1_i_(_l)m 1_(Fm+1-l_Fm—l)Z_i_(_l)mz2
1 —3(—1)"F,,

TIF  CF G T (P S F e + (1)
_ Fm - F(n+1)m + (_1)anm
 1—F, ,—F, .+ (="

So we notice that we have a closed formula for each fixed integer m.

Let us also do the analogous computation for alternating sums:

> Fyn(—1)'5" = —=F
n=>0 " 1+ (Fm+1 + Fm—l)z + (_1)m22

and
1 F 1
1—-2z ;an(—l)”z” T T1+F,+ F:H +(—Dm1—z
N F, 1—(—1)"z ‘
1+F,  +F, .+ (1) 14+2(F,1+F,)+(—1)"z2
Reading off the coefficient of 2" on both sides leads to
Zn:(_l)kak _ —Fy + (=1)"Fpaym + (1) "F,
k=0 14+ Fpq+Fpp+(=1)m
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3. SUMMING SHIFTED LUCAS NUMBERS

First, we need the generating function

2—2zL
m - Lmkzk,
1—2zL, +22(=1)" kzzo:

which holds for m > 0.
It can again be checked by writing it as

2—zL, = (1—2L, +2%(—1)") > _ L,
k=0
comparing coefficients and prove that the resulting coefficients are zero for k > 2, either by
the Binet formula or by using classical identities for Lucas numbers.

Furthermore, for m > 1,
1-L, 1 1 "1 +2z—2L,)

1 2—zL, N
1—L,+(=1)m™ 1—zL, +22(—1)m "

l-21—2L, +22(—1)" 1—L, +(-1)"1—z

Comparing coefficients of z", this leads to

Z”:L . 1-1L,
LT — L+ (1)
=" n 1 (—D)"(1-L,)  , Z
["] TP L s g T

+
1—L,+ (=) "1—zL, +22(—1)m
(_1)m F(n+1)m + (_1)m(1 _Lm) an

1-1L,
1-L,+(=1)mF,

T 1L, +(Dm  1—L,+(=D" F,

We can deal with an alternating version by small modifications:

2+zL
= 2 (D Ly,
1+2L, +22(—1)" ;

and
1 2+zL,, 241, 1

1—2z1+2L, +22(—1)" 1+L, +(—1)"1—z
N 2(—1)"+ L, +2z(—1)" + 2L, (—1)"

1+L,+(—1)m

1
1+2zL, +z2(=1)m

Reading off coefficients,
- 2+1L
2 L = 151, + (-1
k=0 m
2(_1)m + Lm (_1)nF(n+1)m 2(_1)m + Lm(_]')m (_1)n—1Fn_m
1+ L, +(=1)m F, 1+L,+(=1)m F,
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4. EXPANDING POWERS OF FIBONACCI AND LUCAS NUMBERS

Our goal is here to expand F/ in terms of F
we start with a list of such expansions:

and likewise for Lucas numbers. To clarify,

mn»

F; = %FZ(nH) - §F2n — %(—1)"

Fi= %an - %(—D“Fn

Fy= 725 Fagniny — 775 Fan— %(_1)an(n+1) + g(—l)”&n + %

Fr? = %FSH - g(_l)nan + %Fn

F = 5(1)0F6(n+1) 5(9)0F6n 125( 1)"Fyniny + 245 (—1)"Fy,
265 Fatnin) — 295 on g(—l)“

F, = éﬂn - ﬁ(_l)nan + %an _ %(_1)@”

The formula for F 111 , odd j, is easier to guess:

. 1 n
F =<z > Fo- Zs)n( )( 1D
0Ss<]
The instance j being odd is harder, but here is the result:

, 1 2 j Jj
— E : (n+1)(5+s)
Fi = 572 F (—1) nt1)(z+s (1/2 +3)F25(n+1)

1<s<j/2 " 28

1 LZs i ]
- 501 (n+1)(2+s)( F.

1<s<j/2 = 28

: J " i n+j
+2-5j/2(j/2)(1—(—1) +(—1)"2 +(-1) ]/2)'

The results for Lucas numbers are somewhat simpler:
L? =Ly, +2(—1)"
L} =Ly, +3(—1)"L,
L =L, +4(—1)"Ly, +6
L> = Ls, +5(—1)"Lg, + 10L,
L® = L, + 6(—1)"L,, + 15L,, + 20(—1)"
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L) =L,,+7(—1)"Ls, +21Ls, + 35(-1)"L,
L? = Lg, +8(—1)"Lg, + 28L,, + 56(—1)"L,, + 70

It is not too hard to guess the general formula from that:
j ] sn nr; J
L = OZJ Ln(j—Zs)(s)(_l) + (—1)"[J even]](j/z).
SS<§

Once these formula have been successfully guessed (the hard part), they can be proved
using the Binet formule and routine manipulations with binomial identities. We leave this
for the interested reader.

Summations like

1
l1=n+1 and (-1 ==(1+(-1)"
O;n OSZkSn 2( )

are also needed but of a trivial nature.

5. FRONTCZAK’S RESULTS REVISITED

Let us do an example computation:

n 1 3
3 _ k
B> [ R 215,
k=0 k=0
1P —Fuan+ (1D Fapn  3=Fp + (1)"Fiynym + (1) Fyy

5 1—F3, 1 —F3, +(=1)m 5 1—F, 1 —Fp +(=1)m

The other sums from [2] can be obtained in a similar way.

n

6. WHY CAN WE EXPAND POWERS OF FIBONACCI AND LUCAS NUMBERS?
The key to the success is the formula

xay= 3 (M o et

0<k<n/2 n—k

which is a consequence of classical formula due to Girard and Waring; see e. g. [3].
Set

then, with x = a™ and y = 3™, the formula becomes

n (n—k
Lmn: Z Tl—k( k )L(n—Zk)m;
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if one sets x = a™ and y = (—f)™, then

N L, if m is even,
X =
Y V5F, if mis odd

and
L. if m or n is even,

n + n —
vy {\/gan if m and n are odd.

Furthermore, xy = 1. Since L, = F,; + F,_;, everything could be expressed in Fibonacci
number (alternatively, everything could be expressed in terms of Lucas numbers).

In the paper [4], these formula were derived from scratch.

So, F,,, (resp. L,,,) are expressed in terms (linear combinations) of powers of F,, resp. L,,.
The formula of the previous sections are just inverted versions of this, namely, powers of
Fibonacci numbers are expressed as linear combinations of shifted Fibonacci numbers.
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