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Gaussian primes

Gaussian primes p:

(1) 141 and its associates,

(2) the rational primes 4k + 3 and their associates,
(3) the factors in Z[i] of the rational primes 4k + 1.

Hecke prime number theorem:

N

mi(N) := {p € Z[i] non-associated : |p|> < N} ~ g N’

Complex Von Mangoldt function A;:

[ loglp|, n=ep’, g unit, v € ZT;
Ailn) = { 0, otherwise.
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The complex sum-of-digits function

[Katai/Kovacs, Katai/Szabd]

Let g = —a+i (choose a sign) with a € Z*. Then every n € Z[i]
has a unique finite representation

where ¢; € {0, 1, .. .,a°} are the digits and £)_1 # 0.

Let sq(n) = Zf\:_ol ¢j be the sum-of-digits function in Z[i].
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Main results |

Recall g = —a+1i, a € Z* and write e(x) = exp(27ix).

Theorem
For any a € R with (2> 4+ 2a+2)a ¢ Z, a even, there is oq(a) > 0
such that
Z Ai(n) e(asq(n)) < N1=a(2),
In)2<N
Theorem

The sequence (asq(p)), a even, running over Gaussian primes p is
uniformly distributed modulo 1 if and only if « € R\ Q.

Th. Stoll um of digits of Gaussian primes|



[Tools and difference process|

Main results Il

Theorem
Leta>2, aeven b€ Z>y, meZ", m>2 and set

d=(m,a® +2a+2).
If (b, d) =1 then there exists 0q.m > 0 such that

#{pezli: P> <N, sq(p)=b mod m}

d
= 7Tl N + O m Nl—O'q’m .

If (b, d) # 1 then the set has cardinality Og m(N=%am).
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Inequalities a la Vaughan and van der Corput

Lemma (Vaughan)

Let 5 € (0, %) B € (%, 1). Further suppose that for all a,, b, with
|an], |bn| < 1, n € Z[i] and all M < x we uniformly have (put Q = a*> +1)

Z max Z e(asq(mn))| < U for M < x™,

. max
Qw2 IS Tmp2

B<Im2<m oz <InPP<t
Z Z ambn e(asq(mn))| < U for xP < M < xP2,

B<ImP<M Grip <InP<io
Then
Z Ai(n) e(asq(n))| < U(log x)?.
5 <InP<x
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Lemma (Van der Corput)
Let z, € C with n € Z[i] and A,B > 0. Then for all R > 1 we have

2
B—-A B+ A r o
> a <6t 2) (1-3%) ¥ wm
A<|n|<B [r|<2R A<|n|<B
A<|n+r|<B

Now, start with

S= Z Z b, e(asq(mn))| .

Qr=I<ImP<QH | Q¥ 1< |n]2<QY
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How to get the difference process:

Denote f(n) = asq(n). Then with Cauchy-Schwarz ineq.,

sP<et Y ST bae(f(mn)|

Qu—1<|m2<QH |Qv—1<|n]2< Q¥

and with Van der Corput ineq.,
ISP <« QAmutv)—p

Q*™  max e(f(m(n+r)) — f(mn))|.
lgl,mq‘poﬂz > elflmln+n) = f(mn)
v <|n‘2SQV Q[_L 1<‘m|2SQu
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The truncated sum-of-digits function

We introduce the truncated sum-of-digits function of Z[i], defined

b
Y A—1 ) A—1
AZ) =D fled)=a) ¢
j=0 j=0

where A € Z and A > 0.

Periodicity property: For any d € Z][i],
A(z+dg*) = f(z), zeZ[i

Reason: Let d = x +iy.

Use the identities ig = ag + ¢%, Q = (a — 1)2q + (2a — 1)¢? + ¢
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At only “small” cost: Carry propagation lemma

Put A =+ 2p.

Lemma
Let a> 2. For all integers 1 >0, v >0,0<p <v/2andr € Z[i]
with |r| < |q|? denote by E(r,u,v, p) the number of pairs
(m, n) € Z[i] x Z[i] with Q"1 < |m|> < Q*, Q“~1 < |n]2 < Q¥
and

f(m(n+r)) = f(mn) # fx(m(n + r)) = f(mn).
Then we have

E(r,p,v,p) < QUHV=P,
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At only “small” cost Il: The addition automaton

2a

a*—2a| a*

0@

Performs addition by 1 (P), by —a—1i (R) and by a—1+1 (Q).
Example: Let a =3 and z = 58 — 40i = (e, £1,€2) = (8,2,7), and consider
z + 2 +1i. The corresponding walk is

QL o™

thus z+2+1i=(3,7,2,5,5,1).
Th. Stoll
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At only “small” cost Ill: Proof

Idea of proof of the “carry propagation lemma”: Assume
mr=x+1iy = —y(—a—1i)+ (x+ ay) with y < 0, x > —ay. Write
f(mn+ mr) — f(mn) =
f(mn+ mr)—f(mn+ (a+1)+ mr)
+ f(mn+(a+1i)+mr)—f(mn+2(a+i)+mr)+..
+f(mn—(y+1)(a—|—1)+mr)—f(mn—y(a+1)+mr)
+ f(mn—y(a+i)+mr)—f(mn—y(a+1i)+ mr—1)
+ f(mn—y(a+i)+mr—1)—f(mn—y(a+i)+mr—2)+...
+ f(mn—y(a+1i)+ mr—x—ay+1)—f(mn).
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Orthogonality relation

Let F) = {Zj "o &j@ : € € N'} be the fundamental region of the
number system, which is a complete system of residues mod ¢g* with
#F\ = Q*. Hence,

N _ A
ay @Y h=0mod g
Z e (tr(hzqg™?)) = { 0,  otherwise,

z€Fx

where tr (z) = 2R(z). Put

|[Fa(h,a)] = Q ’\HgoQ a—tr(hg~ ))
where |sin(x@¢)|/| sin(xt)|, t € R\ Z
sin( 7t sin(7t)|, te ;

va0={ 3 ek
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Transformation

Let
Sy = S e(B(m(n+r)— fi(mn)).
QLI |m2< QK
Then
S5(n Qz,\ Z Z (A(u) - Hu(v))

ueF veEF

DD e(trh(m(”“)_”)+tr"(m”‘v)>

q* qg*
hEF\ kEFA Qr—1<|m|2<Q+

=3 Y ABaRkeg Y e<tr (h+k>mn+hm,>.

A
heF\ kEF Qr-l<|m2<Qr q
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Fourier analysis of F)

Lemma
Foralla € R, £ € C and a > 3 we have

A—

1
2 0Ha—tr(§qf)H 7“)2“ & +2a+2)al’.

Corollary
There exists a constant C, > 0 only depending on a such that

IFa(h, )| < exp(—Car||(a + 22+ 2)a[*)

uniformly for all h € Z[i], « € R and integers A > 0.
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Fourier analysis of G)

Define

Gr(b,d,a):= Y [F(ha)l, Gr(e)=Gxr(0,1,0) = D |Fa(h,a)|.

heFx heFx
h=b mod d

Lemma
Fora>2,beZ[i], « €R,0<6 <A there is ng < % and

Ga(b,g"sa) = 3 [Fa(ha)| < QU |Fy(b,a)).
heFy
h=b mod q°
In particular,

G,\(Oé) = GA(O,l,Oz) < QTIOA_
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Fourier analysis Il of G,

Lemma
Fora>2 beZ[i], c €R,0<3 <\ keZ[i]and k| ¢*°, qt k we
have
Ga(b, kg’ ) < 2|k| 72 Q™) - |F5(b, a).
Lemma

For a even we have

Y. IR(h )P = [Fs(b, )
heFy
h=b mod q5

and thus, in particular,

> IR(h )P =1.

heFy
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