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Shift radix systems

Letr=(r,...,rqy) €RY (d > 1) and

74 — 74
Tr -
' (31,...,ad)i—>(32,...,ad,—|_r181—|—---—|—I’dadj)

The mapping 7, is called a shift radix system (SRS) if for all
a € Z9 we can find some n € N with 77(a) = (0,...,0).

We are interested in the following sets:

DY = {r € RY : 7, is a shift radix system} and

Dy = {r € R : (7(a))k>0 is ultimately periodic for all a € Zd} .
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Relationships of D, and D2

Dy is related to the Schur-Cohn region:
Ea={(n,...,rq) € RY Xd+rdXd_1+- -++rX+4r has only roots

y € C with |y| < 1}

> E4CDyC&y
> int('Dd):gd

Dg is related to number systems:
> [-expansions with finiteness property (F)

» canonical number systems



Shift radix systems and (3-expansions

Theorem (Hollander (1996))
Let d > 1 and 3 > 1 be a Pisot number with minimal polynomial

X9 — b1Xd*1 — - —bg_1X — by. Set
o= b+ b4+ by (2< < d).
(Note: X9 — by X9t — bX9=2 — ... — by

= (X=X + X+t rg))

Then (r4,...,r2) € DY_, if and only if

Z[%} N[0, )

coincides with the set of nonnegative real numbers having finite
greedy expansion with respect to (3.



Canonical number systems

Let P = pgX 4 - + po € Z[X] with py # 0, py = 1, and define
Tp : Z[X] — Z[X] by

m m—1 d—1
TP<ZaiXi) = Z aip X' — L@J ZP/HXi.
i—0 i—0 ko 55

Definition (Katai , Szabé (1975), Katai , Kovacs (1980),
Kovacs (1981), Gilbert (1981), Peths (1991))

P is called a CNS polynomial if for each A € Z[X] there isa k € N
such that TA(A) = 0. In this case the pair (o, {0,...,|P(0)| — 1})
is called a canonical number system (CNS) where « is a root of P.

Set
0 _ d. yd d—1 .
Ca=A{(po,-..,pd-1) € Z° : X“+pg—1 X9 "+ --+po CNS polynomial}

Cq = {(po,...,pdfl) S VA Po #0 and
Txdyp, Xxd—14...1p, Nas only finite orbits}.



Shift radix systems and canonical number systems

We have the following relations for pg,...,pq4_1 € Z,pg # 0
(Akiyama, Borbély, B., Pethd, Thuswaldner (2005)):

> (po,P1s---,Pd—1) € C?, if and only if
1 _
— Pt Py epo
Po  Po Po

» (po,p1,---,Pd—1) € Cqg if and only if

1 pdg-1 &)EDd

Po  Po Po




Structure of the sets CY, Cy4, DY and Dy

d={peZ: py>2} (Griinwald (1885))
G={p €Z: |p| >1}, D1=[-1,1, D}=10,1)
(Akiyama, Borbély, B., Pethd, Thuswaldner (2005))

Cg :{(PO,Pl) €Z2 s =1<p; < pg 22}

(Katai, Szabd (1975), Katai, Kovacs (1981), Gilbert (1981),
Grossman (1985), ...)

Co={(po,p1) €Z® : —po < p1 < po+1,po >2}



Structure of the sets CY, Cy4, DY and Dy

Partial results for the sets Dy, DY (d > 2) and C4,CY (d > 3)
are known:

d=2 : Gilbert (1981), Akiyama et al. (2006), Surer (2006),...

d =3 : Scheicher, Thuswaldner (2004), Akiyama et al. (2006),...

d >3 : Kovics (1981), Kovécs, Pethd (1983, 1991), Akiyama,
Pethé (2002), Scheicher, Thuswaldner (2004), Pethé (2004),
Akiyama, Rao (2004), Akiyama et al. (2004, 2006), ...

But:



Structure of the sets C3, Co, DY and D;

Co={(po,p1) €Z° : —po < p1 < po+1,po =2},  D1=[-1,1]

hence

{& . (po,p1) € Cz} "approximates” [~1,1] =D; for py — oc.
Po

C3={(po,p1) €Z* : -1<p1 <pp>2}, DY=10,1)
hence

{% . (po, p1) € CQO} "approximates” [0,1] = D0 for pg — 0.
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Approximations of D,° and of {(%, %) . (po, p1,p2) € Cgo}



Approximation of SRS by CNS

In the following let d > 2.

For the approximation we use

» suitable sets: For M € Ny let

csmy = { (B2, By erI1 - (Mopr, . pgn) € €O}

M "M
and
Cd(/\/’):{(p‘lj\;ll,...,p—/\;) ERd_l : (M,pl,...,pd_l)ECd}.

» a notion of limit of sets:



Convergence of sets

Let (An)nen be a sequence of subsets of a topological space Z.

» A point z € Z belongs to the (topological) lower limit
Lim, ,  Ap if every neighborhood of z intersects all A, for n
sufficiently large.

» A point z € Z belongs to the (topological) upper limit
Lim,_ A, if every neighborhood of z intersects A, for
infinitely many n.

» The set A is said to be the (topological) limit of (Ap)nen if

A=Lim,  A,=Lim, . A, We write
A= Lim A,
n—oo

Analogously: Lim,_., Ax for xo € R,/ C R and (Ax)xes a
collection of subsets of a topological space.



Approximation of the closure of Dy
Theorem
Lim Cy(M) = D1

For x € R we need the following “cuts” of Dy and Dg:

Dd(x) = {(rg,...,rd) GRdil : (X, r2,...,rd) EDd},
Do(x) = {(rz,...,ro,)eﬂad*1 : (x,rg,...,rd)EDg}.
Theorem

Lim Dd (X) Dd 1

x—0



Lebesgue measure of DY and Dy

Theorem (Akiyama, Borbély, B., Pethd, Thuswaldner (2005))
Dy and Dg are Lebesgue measurable, and \y(Dy) = Ag(Eq).

Theorem

(i) |imxﬂo )\d—l (Dd(X)A'Dd_l)
(i) limy—o Ag—1 (D(x)ADY_,)
(iii) For M € N5 set

=0.
=0.

1
WS(M): U {X/ERd_l . ||X,*X||Oo < m}
xeCY(M)

Then we have

lim  Ag_1(WY(M)ADY_,) = 0.

M—oo



Lebesgue measure of DY and Dy

For M € N<¢ we set
No(d7 M) = |{(p1’ 7pd—1) € Zd_l : (M7pla--' an—l) € Ct(:)l}|7

N(d, M) = [{(p1,...,Pa—1) € Z%* : (M,p1,...,p4_1) € Cq}|.

We are interested in the frequencies for C%(M) and Cy(M)

N°(d, M) N(d, M)
Md—1 and Md—1

for M — oo.
Remark
NO(2, M) = |{p1 € Z : X?+ p1 X+ M CNS polynomial}| = M+2,
hence 0

N (2, M

jim M) A1 ([0,1)) = A (DY).

M—oo M
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The behavior of N°(3, M)/M? for 2 < M < 464.

Apparently N°(3, M)/M? — 1.766... =~ X\»(D9)



Lebesgue measure of DY and Dy

Theorem
¥ NO(d, M
Jm S = e (P5)
(i)
. N(d,M
lim ( ) —)\d 1(Dd 1)



Shift radix systems and canonical number systems

Open questions:

» Is it true that
: 0
LimDg(x) =DY ; 7?

x—0

» Can we estimate the number of Pisot numbers of a given
trace having property (F) by shift radix systems?



