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IS called a 3-representation of x and denoted
LELl—1.-L)O®L_1....

* (-representation of z obtained by the greedy algorithm is
called g-expansion of x and denoted by (x) 3

* Zg:={z €R| (z|) g = TkTE—1... TOO}.

* Fin(Q) is the set of real numbers x whose (-expansion of
x| is finite.
® Zg is not closed under addition for 5 ¢ N!

* Fin(() does not form a subring of R in general! (Finiteness
property)
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* For x € Fin(p3), the length of its g-fractional part is denoted
fps(2)= min{l € Ny ’ BxeZgsl.

* |t may happen for z,y € Fin(f3) that the sum z + y & Fin(03).

* Lg(B) is the lowest upper bound on fps(z + y), where
z,y € Zg and x + y € Fin(0)

* Formally written Lg(08) =
min{L € Ny | 2,y € Zg, v +y € Fin(8) = fpg(z +y) < L}

If the set is not empty, otherwise L4 (0) := +oc.
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Rényi expansion of unity and Parry numbers

° Thurston: Let dg(1) = t1t2 ..., distances in Zgz form the set

{Ak k € No}, where Ay := Z;)il tzﬁ%k .

°* {A; | k€ No}isfinite & dg(1) is eventually periodic.

* If dg(1) is eventually periodic, 3 is called a Parry number.

* If dg(1) is finite, 3 is called a simple Parry number.
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° Parry condition: dg(1) =pg”, p—1>¢>1
TpTp—1-..Tp®x_1... 1S a g-expansion if and only if

Db5db5—q, °°° =X pq‘*’ forall i < k

* Any finite G-representation can be transformed to the
G-expansion, which is also finite!
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Subtraction of positive elements

* Fin(0) is not closed under subtraction, e.g.,
B-1)g=(p—1)eq”
°* Letx >y >0andx,y € Zg,
° thenx — y € Zg
°orx—y ¢ Fin(f).
* Subtraction of positive elements does not raise Lg(0).
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° thenx +y € Zg
cor(r+y)g=ze(p—q).
* Any y can be written as y'") + - - + y¥), with & < [£] and
with digits of (y\W))5 < .

* There exists e € {0,...,[{]} suchthatz +y € Zg + b5,

* Theorem: Let dg(1l) =pg“, p—1> g > 1, then

Lo (B) < ﬂgw.

Journées de Numeération, Graz — p.1.



Outline of the talk

* Terminology of arithmetics on 3-integers Zg
* Non-simple quadratic Parry numbers
* Known facts about arithmetics on Zg

* Improvement of the upper bound on L (3)

* Infinite word ug associated with 3-integers

* Known facts on balance property of infinite words
* Balance property of ug

* Deduction of the lower bound on L4 (/3) using the balance
property of ug

Journées de Numération, Graz — p.1!



Infinite word 13 associated with (-integers

* For ds(1) = pg*, two distances between neighbors in Z;:

A():l and Alzl—z%

Journées de Numeération, Graz — p.1



Infinite word 13 associated with (-integers

* For ds(1) = pg*, two distances between neighbors in Z;:

A():l and Alzl—z%

* Fabre: Associate Ay — Aand A; — B, you get
a right-sided infinite word ug, fixed point of the substitution

p(A) = APB, ¢o(B) = A’B
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* An infinite word « over A is c-balanced if for all a € A and
for any two factors w, v of v of the same length

wla = v]a| < ¢

* Very few facts known about balances:

° Vuillon: An infinite aperiodic word « is Sturmian < u is
1-balanced.

© Adamczewski: u fixed point of a primitive substitution
with Perron eigenvalue X\ and all the other eigenvalues in
modulus < 1, then u Is c-balanced for some constant c.

° Turek: The lowest possible c for ug associated with
guadratic simple Parry numbers.
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Our results on balance property of ug

® ugis [g}balanced (using arithmetics)

* the number of A’s in any prefix of ug Is greater or equal to

the number of A’s in any other factor of uz of the same
length

® ugls [p%l]-balanced, which is the best possible upper
bound (using combinatorial techniques)
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Deduction of the lower bound on L ()

* The precise balance property implies that there exists
a prefix w and a factor w of ug such that

w|a —Jwla = 2],

* Let x < y be the §-integers corresponding to w and z the
end-point of w, then

p+z=y+ [E1](Ag— Ay) =y + [E1]251.

* It follows that fpg(x + 2) > fpg([E=1252) > [2=].

° Theorem: Let dg(1l) =pg“, p—1 > g > 1, then

U%H < Lo(8) < 121,

° |

S

] — |5+ =1, we conjecture that L (8) = | 2=].
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